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Question 1

Let f be the function given by f(r) = 42° — 2, and let

£ be the line y = 18 — 3z, where { is tangent to the

graph of f Let R be the region bounded by the graph of
f and the z-axis, and let S be the region bounded by the

graph of f, the line ¢, and the z-axis, as shown above.

(a)

Show that ¢ is tangent to the graph of y = f(z) at
the point z = 3.

y=flx)
NN

(b) Find the area of S.

(¢) Find the volume of the solid generated when R is revolved about the z-axis.

(a) fl(z) =8z —32%; f/(3) =24 -27=-3 1 : finds f(3) and f(3)
f8)=36—-27=9 finds equation of tangent line
Tangent line at z = 3 is 2: or
y=—3z—3)+9=—3z+18, shows (3,9) is on both the
which is the equation of line /. graph of f and line ¢

(b) f(zx)=0atz=4 2 : integral for non-triangular region
The line intersects the z-axis at z = 6. 1 : limits

1 4 2 3 . .1
Area = 5(3)(9) — f3 (4x — )da: 4: 1 : integrand
— 7916 or 7.917 1 : area of triangular region
OR 1 : answer
4
A = 18 — — (42 — 23
rea ‘/; (( 8 —31) ( x x ))dx
+ 3@)08 12
= 7.916 or 7.917
(c) Volume = 7rf4(4x2 — 3 )2 dx 1 : limits and constant
0
3:4 1:int d
— 156.0387 or 490.208 Hesran
1 : answer
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Question 2

The figure above shows the graphs of the circles z° + y*> = 2 and

(z —1)* 4+ y* = 1. The graphs intersect at the points (1,1) and (1,—1). 2}
Let R be the shaded region in the first quadrant bounded by the two

1
circles and the a-axis. f

(a) Set up an expression involving one or more integrals with respect to Y
x that represents the area of R. =1

(b) Set up an expression involving one or more integrals with respect to

y that represents the area of R.
(c) The polar equations of the circles are r = V2 and r = 2cos 6, respectively. Set up an expression

involving one or more integrals with respect to the polar angle 6 that represents the area of R.

1 V2 1:int d for 1 ircl
@ Area= [VI—G@-Ddo+ ["V2-do imtegrand for laxger circl

1 : integrand or geometric area
for smaller circle

OR o .

1 : limits on integral(s)

Note: < -1 > if no addition of terms

Area = i(ﬂ-12>+ﬁﬁ\/2—l‘2dﬂi

(b) Area = j:)l(m—(l—m))d’y 1 : limits

2 : integrand
< —1 > reversal
< —1 > algebra error
in solving for x
< —1 > add rather
than subtract

< —2 > other errors

- - 1 .

(¢) Arca — fﬂl 1<\/§)2 40 + f/Q 1(2 cos 9)2 20 integrand or geometric area
0 2 T 2 for larger circle

1 : integrand for smaller circle

OR

1 : limits on integral(s)

Note: < -1 > if no addition of terms

_1 2 7 1 2
Area = 87T<ﬁ) —i—f% 2(2(3089) do

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com.

3



,
#ADTUTOR
AP® CALCULUS BC
2003 SCORING GUIDELINES (Form B)

Question 3
A Dblood vessel is 360 millimeters (mm) long Distance
with circular cross sections of varying diameter. Dﬂf (mm) 0 60 | 120 | 180 | 240 | 300 | 360
i t
The table above gives the measurements of the B(;a)m(lfnf;) 24 30 28 30 26 24 26

diameter of the blood vessel at selected points

along the length of the blood vessel, where x represents the distance from one end of the blood vessel and

B(z) is a twice-differentiable function that represents the diameter at that point.

(a)

Write an integral expression in terms of B(z) that represents the average radius, in mm, of the
blood vessel between z = 0 and z = 360.
Approximate the value of your answer from part (a) using the data from the table and a midpoint

Riemann sum with three subintervals of equal length. Show the computations that lead to your answer.

275 B 2
Using correct units, explain the meaning of = f [ﬂ dzr in terms of the blood vessel.
125

Explain why there must be at least one value z, for 0 < z < 360, such that B"(z) = 0.

1 fSGO B(z) 1 : limits and constant
— dx 9 -
360 Jo 2 1 : integrand

1 : B(60) + B(180) + B(300
L[mO[B(GO)+B(180)+B(300)”: ). (60) + B(180) + B(300)
360 2 2 2 1 : answer
1
S 24)] =14
360[60(30 + 30 + 24)]
2 . . 3
@ is the radius, so W[M] is the area of L : volume in mm
2 2 2:1 1:between z = 125 and
the cross section at z. The expression is the . — 75
volume in mm? of the blood vessel between 125
mm and 275 mm from the end of the vessel.
By the MVT, B'(c;) = 0 for some ¢ in 2 : explains why there are two
(60, 180) and B’(cy) = 0 for some ¢, in values of z where B'(z) has
(240, 360). The MVT applied to B'(z) shows 3 the same value
that B"(z) = 0 for some 7 in the interval 1 : explains why that means
(Ch Cz)_ B"(z) = 0 for 0 < z < 360

Note: max 1/3 if only explains why
B'(z) = 0 at some z in (0, 360).
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Question 4

A particle moves in the zy-plane so that the position of the particle at any time ¢ is given by

x(t) =23 + e ™ and y(t) = 33t — 72,

#ADTUTOR

Find the velocity vector for the particle in terms of ¢, and find the speed of the particle at time ¢ = 0.

Find dy in terms of ¢, and find lim @
dx t—oo dz

Find each value ¢ at which the line tangent to the path of the particle is horizontal, or explain why

none exists.

Find each value ¢ at which the line tangent to the path of the particle is vertical, or explain why

none exists.

z'(t) = 63 — T
y'(t) = 9e3 + 2¢7*

Velocity vector is < 6e3 — 7e™ ™, 9e3! + 272! >

Speed = /z/(0)> + 4/(0)> = /(-1 + 11

= V122
dy
dy _ gt _ 9e3! 4 2¢ 2
dz — dr et — e
dt
. dy 9¢3t 4272 9 3
lim —= =1 = - =
t—00 d$ t—00 6€3t Te t 6 2

Need y/(t) = 0, but 9¢* +2¢7> > 0 for all ¢, so

none exists.

Need 2'(t) = 0 and ¥'(t) = 0.

|

:2'(t)
L y'(t)
: speed

d
: & in terms of ¢

dx

: limit

: considers y'(t) = 0

: considers z'(t) = 0

: solution
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Let f be a function defined on the closed interval [0,7]. The graph of

f, consisting of four line segments, is shown above. Let ¢ be the

7
L |
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Question 5

function given by g¢(z) = L ’ f(t)dt.

Find ¢(3), ¢'(3), and ¢"(3).

Find the average rate of change of ¢ on the interval 0 < z < 3.

TUTOR

ADVANCE PLACEMENTS

(c) For how many values ¢, where 0 < ¢ < 3, is ¢/(c) equal to the 0 T 2 3 a5 /6 7

average rate found in part (b)? Explain your reasoning. -1 ]l i ]l l[ Y i ]l
(d) Find the a-coordinate of each point of inflection of the graph of Graph of f

g on the interval 0 < z < 7. Justify your answer.
(a) o) = [, ftyde = 5(4+2) =3 X

3:11:4'3
9(3) = 1(3) =2 7
0—4 1:g"(3)
9"(3) = f'(3) = 1o = 2

There are two values of c.

We need g =g'(c) = f(e)

The graph of f intersects the line y = g at two

places between 0 and 3.

r=2and z=5
because ¢’ = f changes from increasing to
decreasing at x = 2, and from decreasing to

increasing at = = 5.

1eg3) = g0) = [ fa)ar

1 : answer

1 : answer of 2
2:
1 : reason

Note: 1/2 if answer is 1 by MVT

l:z=2and z =5 only
2 : 1 1: justification

(ignore discussion at z = 4)
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Question 6

The function f has a Taylor series about & = 2 that converges to f(z) for all z in the interval of
(n+1)!

371,

convergence. The nth derivative of f at © = 2 is given by f™ (2) =

for n > 1, and f(2)=1.

(a) Write the first four terms and the general term of the Taylor series for f about z = 2.
(b) Find the radius of convergence for the Taylor series for f about z = 2. Show the work that leads to
your answer.

(c) Let g be a function satisfying ¢(2) = 3 and g¢'(x) = f(z) for all 2. Write the first four terms and

the general term of the Taylor series for g about = = 2.

(d) Does the Taylor series for ¢ as defined in part (c¢) converge at © = —27? Give a reason for your answer.
21 3! 4! (n)
(a) f2=1;f(2) = 3 f'(2) = 3—25 f(2) = Eel 1 : coefficients @) $2) in
n!
2 3! 4! :
f@)=1+2(x -2+ ==5(z - 27+ (2 — 2)% + first four terms
3 213 313 3 .
(n +1)! 1 : powers of (z — 2) in
e n!3" (z=2)" 4 - first four terms
2 3 o 4 3 1 : general term
1
_|_+n3_7'; ( 2)n+
n + 2 +1 1 . t t
(b) lim W(x_mn = lim nt2 l|:1:—2| 'S.es.uP o
n— 00 n+1(x—2)"’ T acon+1 3 1 : limit
3" 3: 1 1: applies ratio test to

1
= §|x —2| <1 when |z —2| < 3 conclude radius of

The radius of convergence is 3.

() 9(2)=3; 42 =/2); 9"2=12); ¢"(2) = "2
olz) = 3+(x—2)+%(a:—2)2 +3i2(x—2)3 +

1
4. +3_n(x — 2)”“ 4o

(d) No, the Taylor series does not converge at z = —2
because the geometric series only converges on the

interval |z — 2| < 3.

convergence is 3

1 : first four terms

1 : general term

1 : answer with reason
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