i

o STEPS TO A

oy = (-1 ?\\
M= -iNEE1N) EV

qual-i) ot s« 4m* and t=y= O

>00 AP’-style‘ﬁuestlons and answers
e Explanations for right and wrong answers

* What you really need to know to achieve
a high score

Zachary Miner and Lena Folwaczny



5 STEPS TO A

500

AP Calculus AB/BC Questions
to know by test day

Zachary Miner
Lena Folwaczny



ZACHARY MINER holds a Ph.D. in mathematics from the University
Texas at Austin. He taught calculus at the undergraduate level
for seven years.

LENA FOLWACZNY holds an M.A. in pure mathematics from the
University of Illinois in Chicago. She is an experienced AP
Calculus and math tutor, and she has taught calculus at the
undergraduate level since 2006.

The McGraw-Hill Companies |

Copyright © 2012 by The McGraw—Hill Companies, Inc. All rights
reserved. Except as permitted under the United States Copyright
Act of 1976, no part of this publication may be reproduced or
distributed in any form or by any means, or stored in a
database or retrieval system, without the prior written
permission of the publisher.

ISBN: 978-0-07-175371-5
MHID: 0-07-175371-0

The material in this eBook also appears in the print version of
this title: ISBN: 978-0-07-175370-8, MHID: 0-07-175370-2.

All trademarks are trademarks of their respective owners.
Rather than put a trademark symbol after every occurrence of a
trademarked name, we use names in an editorial fashion only,
and to the benefit of the trademark owner, with no intention of
infringement of the trademark. Where such designations appear
in this book, they have been printed with initial caps.

McGraw—Hill eBooks are available at special quantity discounts
to use as premiums and sales promotions, or for use in
corporate training programs. To contact a representative please
e-mail us at bulksales@mcgraw—hill. com.

Trademarks: McGraw-Hill, the McGraw—Hill Publishing logo, 5
Steps to a 5, and related trade dress are trademarks or
registered trademarks of The McGraw-Hill Companies and/or its
affiliates in the United States and other countries and may not
be used without written permission. All other trademarks are



the property of their respective owners. The McGraw—Hill
Companies 1is not associated with any product or vendor
mentioned in this book.

AP, Advanced Placement Program, and College Board are
registered trademarks of the College Entrance Examination
Board, which was not involved in the production of, and does
not endorse, this product.

TERMS OF USE

This is a copyrighted work and The McGraw—Hill Companies, Inc.
( “McGraw-Hill” ) and its licensors reserve all rights in and
to the work. Use of this work is subject to these terms. Except
as permitted under the Copyright Act of 1976 and the right to
store and retrieve one copy of the work, you may not decompile,
disassemble, reverse engineer, reproduce, modify, create
derivative works based upon, transmit, distribute, disseminate,
sell, publish or sublicense the work or any part of it without
McGraw-Hill’ s prior consent. You may use the work for your own
noncommercial and personal use; any other use of the work is
strictly prohibited. Your right to use the work may be
terminated if you fail to comply with these terms.

THE WORK IS PROVIDED “AS IS.” McGRAW-HILL AND ITS LICENSORS
MAKE NO GUARANTEES OR WARRANTIES AS TO THE ACCURACY, ADEQUACY
OR COMPLETENESS OF OR RESULTS TO BE OBTAINED FROM USING THE
WORK, INCLUDING ANY INFORMATION THAT CAN BE ACCESSED THROUGH
THE WORK VIA HYPERLINK OR OTHERWISE, AND EXPRESSLY DISCLAIM ANY
WARRANTY, EXPRESS OR IMPLIED, INCLUDING BUT NOT LIMITED TO
IMPLIED WARRANTIES OF MERCHANTABILITY OR FITNESS FOR A
PARTICULAR PURPOSE. McGraw—Hill and 1its licensors do not
warrant or guarantee that the functions contained in the work
will meet your requirements or that its operation will be
uninterrupted or error free. Neither McGraw—Hill nor its
licensors shall be liable to you or anyone else for any
inaccuracy, error or omission, regardless of cause, in the work
or for any damages resulting there from. McGraw-Hill has no
responsibility for the content of any information accessed
through the work. Under no circumstances shall McGraw-Hill
and/or its licensors be liable for any indirect, incidental,
special, punitive, consequential or similar damages that result
from the use of or inability to use the work, even if any of



them has been advised of the possibility of such damages. This
limitation of liability shall apply to any claim or cause
whatsoever whether such claim or cause arises in contract, tort
or otherwise.






CONTENTS

Introduction

Chapter 1 Limits and Continuity
Questions 1 -50

Chapter 2 Differentiation
Questions 51 - 100

Chapter 3 Graphs of Functions and Derivatives
Questions 101 - 150

Chapter 4 Applications of Derivatives
Questions 151 =200

Chapter 5 More Applications of Derivatives
Questions 201 - 250

Chapter 6 Integration
Questions 251 - 300

Chapter 7 Definite Integrals
Questions 301 - 350

Chapter 8 Areas and Volumes
Questions 351 - 400

Chapter 9 More Applications of Definite Integrals
Questions 401 - 450

Chapter 10 Series (for Calculus BC Students only)
Questions 451 - 500

Answers






INTRODUCTION

Congratulations! You’ ve taken a big step toward AP success by
purchasing 5 Steps to a 5: 500 AP Calculus AB/BC Questions to
Know by Test Day. We are here to help you take the next step
and score high on your AP Exam so you can earn college credits
and get into the college or university of your choice.

Thus book gives you 500 AP-style questions—both multiple—
choice and free-response—that cover all the most essential
course material. Each question has a detailed answer
explanation. These questions will give you valuable independent
practice to supplement your regular textbook and the groundwork
you are already doing in your AP classroom.

This and the other books in this series were written by
expert AP teachers who know your examination inside out and can
identify the crucial examination information as well as
questions that are most likely to appear on the examination.

You might be the kind of student who takes several AP courses
and needs to study extra questions a few weeks before the
examination for a final review. Or you might be the kind of
student who puts off preparing until the last weeks before the
examination. No matter what your preparation style is, you will
surely benefit from reviewing these 500 questions, which
closely parallel the content, format, and degree of difficulty
of the questions on the actual AP examination. These questions
and their answer explanations are the ideal last-minute study
tool for those final few weeks before the test.

Remember the old saying, “Practice makes perfect.” If you
practice with all the questions and answers in this book, we
are certain you will build the skills and confidence needed to
do great on the exam. Good luck!



—The Editors of McGraw—Hill Education

NOTE: The questions designated BC in the following pages
cover topics tested only on the Calculus BC examination.









Limits and Continuity

; i
17 y N

—

Find the limit: t+9.

(E) The limit does not exist.

© +2x*—9x—18

x—3

lim . 54

Find the limit:
(A) 6
(B) 30
€ 1
(D) oo
(E) The limit does not exist.

Find the limit:

(A) oo

® L
4

(C) T oo
; 1
D) ——
(D) y
(E) The limit does not exist.



|on

Io>

[~

|0

9.

Find the
(A) oo

(B) T oo

C) -6
(D) 0
(E) The

Find the

(A) oo

y 1
H_
”4
C) 1

(D) 0
(E) The

Find the
(A) 0
B) 1
€ -1

(D) - oo

(E) The

Find the

(A) 0
1

(B) —
iz
C) 1
(D) 4
(E) The

Find the
(A) 0
(B) 2
C) 4
(D) 16
(E) The

lim 1=
il T -
limit:  As=3.

limit does not exist.

x+4

lim
limit: U416,

limit does not exist.

I sin@
1IT1

limit e g |
limit does not exist.

limit does not exist.

4y’
im . ———
limit: el e

limit does not exist.



) cos> 0 —1
limg_y ——
Find the limit: Bcos@+6
A -1
(B) 0

© V2

2
(D) 1
(E) The limit does not exist.

lim (tan y)(cos )

—{}

Find the limit: ¥

A -1

(B) 0

© 32
2

(D) 1

(E) The limit does not exist.

z5+1

. .. Iir“r-—)—l
Find the limit: B z+1 .

a) -1

B) 0

) 1

(D) 3

(E) The limit does not exist.

f{ﬂ_}:?’r—m

Find the horizontal asymptote(s) of 3448 .
(A) ¥=9
B) y=06
{

C 9

) Y=

D) y=-6
(E) There are no horizontal asymptotes.

(
(
(

x4+ 2x4+1
. . flx)=——7F——
Find the vertical asymptote(s) of x =1

(A) x=1

(B) x=-1

(@) #=1 gnd #=+1
(D) y=1



(6 —11x—=10 5
0 e
f{x}=* 2x—5

5
h, x=—
15. For what value of h is L 2 continuous

5
A=
at 27

(A) 3
(B) 0

(© 3
(T 25

2{.
@® 2
2

j2x+1x£4
g(x)=
16. For what value of k 1is l—ﬁx——k,x:}4 a continuous
function?

(4) 0

(B) 4

) -4

(D) 27

(E) -27

Sx =13, x <2

P}(x}={
17. Find the value of m for which XT=Tx+mx>2 54 g
continuous function.

) 737
2
(B) -3
€) 3
(D) 7

®) 7 ++/37

2

18. Find the point(s) of discontinuity of the function
f{x}— Ix+1
2x° —8x" —Gdx.

I. 0O

II. 4




III. 8

(A) T only

(B) IT only

(C) TIIT only

(D) T and IT only
(E) T and IIT only

19. On which interval (s) is the function
i
x —8x+15
glx) = =5, x=3
o
g 5 is continuous?
I. (_o::r, 3)
I1. (3, o)
ITI. (5, o)
(A) T only
(B) 1T only

(C) TIIT only
(D) T and IT only
(E) T and IIT only

20. Let h(x) be continuous on [ -2, 3] with some of the values
shown in the following table:

h(x) 5 i 3

If Ax)=4 has no solutions on the interval [ -2, 3], which of
the following values are possible for a?
I. -1
II. 4
III. 6
(A) T only
(B) IT only
(C) TIT only
(D) T and IT only



(E) T and TIT only

o —6x>+11x—6

flx)=

21. For the function x’=7x+6 | which point of

discontinuity is not removable?
(A) x=-3
(B) x=
(C) x=2
(D) x=3
(E) x=6

B .
22. What 1is -7 cos@—sinB ?
(A) 0

(B) V2

2
€)1

(D) 2

(E) The limit does not exist.

23. Which represents the removable discontinuity of the
| _f&}:r:—?f?—lﬁf+14r+24
function Fo=2" =13 +38t—24°
(A) 1
(B) 2
(C) 3
(D) 4
(E) 6

Fli)= x*+x—12
24. Find the vertical asymptote of xt—7x+12,
(A) x=—4
(B) x=-53
(C) x=0
(D) x=3
(E) x=4

25. For what value of k 1is the function



645556 7
f[x)=* 2x+7 J
k, x=——
L continuous?
@ =22
?2
(B} e
52
(C) =
2
(D) 3
i AL
2
26. For what value of h is
s S R e
3l T )
2x =9x“ =2x+h,t <5 continuous?
(A) -17
(B) -5
(€) 0
(D) 2
(E) 32
(x) X +5x% = 2x—24
x)= -
27. For the function xj-3x“—lﬂx"k24,
discontinuity is not removable?
(A) 0
(B) 1
©) 2
(D) 3
(E) 4
28. On which interval (s) is
4¢* -8t =21 3 7
= o e
44 =208+ 21 X2
3
=3 —L = —
g(r) t 5
2 e
‘i 2 continuous?

the

which

the

function

point of

function



u (2.

(A) T only

(B) IT only

(C) IT1T only

(D) T and II only
(E) T and IIT only

| | fl)=—
29. Find the horizontal asymptote(s) of x™+1,
[. x=-1
I, x=0
HE: =]
(A) T only
(B) 1T only

(C) IIT only
(D) T and II only
(E) T and IIT only

30. Which represents the removable discontinuity of the
(1)= X —7xd 4557 +31x—30
function b 1957 +11x+30 9

(a) 1
(B) 2

(C) 3
5
7

(D)
(E)

-+ x-1
glx) = x—1

31. For what value of a is the function a %=1

x#1 continuous?
(4) 0
B) 1
€) 2
(D) 6
(E) 7



32.

) 2x° +x* = 25x+12
X)= = T
For the function 2x" +3x" —23x—-12, which point of

discontinuity is not removable?

33.

(A) x=—4
(B) x=-3
o S
2
(D) x=3
(E) x=4

Find the value of b so that is

continuous.

35.

(A) -oo
B) -1
€) 0
(M) 1
(E) oo

2
t—4
— t#2
h(r)=1 47 -8
Find the value of ¢ so that e, t=2 1s continuous.
(A) 0
B) l
o
(C) —
2
(D) 1
(E) The discontinuity at #=2 is not removable.

Find the value of k so that is

continuous.

a) -1

(B) 0

€ 1

(D) 2

(E) The discontinuity at x=-1 is not removable.



36. Let f(x) be continuous on [ -5, -2] with some of the
values shown in the following table:

X -5 —4 -2
h{x) =11 d -3
If f®@==1 has no solutions on the interval [ -5, -2], which
of the following values are possible for a?
I. -4
II. -3
III. O
(A) T only
(B) IT only

(C) III only
(D) T and IT only
(E) T and IIT only

37. On which interval (s) is the function
2
xz_zx_zd,x#—é,—fﬁ
g{x}=<'x +10x+ 24
=5, x=—4
L —Lx=-6 continuous?

1. <_o-o, _4)

1I. (-4, 6)

ITI. (-4, )

(A) T only

(B) II only

(C) TIIT only
(D) T and II only
(E) T and TIT only

: ﬁﬁ—x—JE
. o lim ————
38. Find the limit: % x
(A) - oo
(B) _}Ei
12

€) 0



39. Find the limit:

1

246
(E) e

(D)

li m —.,xﬁ—-i

x—11 P

(A) - oo

(B) —+
8

) 0
(D) L
8

(E) oo

sinx”

llﬂ'l x=l) 1

. Find the limit: X"

41. Find the limit:

42. Find

(A) oo
(B) 0

(C) é

2
D) 1
(E) oo

A
oL

X=X

x—3 .
(A) T oo

B) -1

) 0

(D) 1

(E) oo

45x* +13x—18

dx—9x°

]im;.-_x.m
(A) T oo
(B) -5
C) 0

(D) 5

(E) oo



[28%? —13x -6 L7
f{'\f}:’ ?.\""‘2

Ry, x=—=
43. For the function L 2 what must be the
7
o ——
value of k for the function to be continuous at 29

@w -2
3

®) -~

2
€) 0

oy 2
3
(E) 4

T

) ey
_ ]ll’l‘l_r_},J
44. Find oo

R
9

B) -1

€) 0

(D) 1

(E) The limit does not exist.

B

6

(C) - L
5

D) 0
(F) oo

; x(1—tanx)
lim _—

T o
ﬁ. (A) Flnd r_}-'i COs X blI'lx.

(B) Use the result of (a) to derive an approximation of sec
x in terms of x for values of x near O.

47. (A) Use a limit to verify the formula for the area of a



circle using inscribed n—gons.
Y oA

r
T Circle radius r

(B) Use a limit to verify the formula for the area of a
circle using circumscribed n—gons.

Y oA
r
/~ |
l,r 0 N
—F |II f r %
\
\‘&H_ B
_r_._
Ff)=L ()
48. (A) Let q(x)  where p and q are both 4th degree

polynomial functions. Discuss the possible number of
continuities, removable and nonremovable.

(B) How does the situation change if q is a b5th degree
polynomial?

(C) What is the situation regarding continuities if p is a
5th degree polynomial, but q is a 4th degree polynomial?

49. Many  junior high  students have noticed that

1=1+3=n.3_3+n.@=ﬂ.9_9

3 3 . How would you use a limit to prove the



same result?

" 4—J16—x
im_  ———

50. Find the limit: 50 x









Differentiation

sin E+ﬂ;~: cos E+ﬂ..:c" o sin(E]ms(E)
4 4 4 4

51. What is 2% o ?
a) -1
(B) 0

w1
(C) 5
(D) 1

M‘fm

i | 9
[
1]

@- If f{x}=5il'l|:x]-m52{_fr_x), then f{

V2
(g =

(B) 0

-

54. What is the slope of the tangent to the curve 3x‘+y”:_3;’
when x=39



55. What is the slope of the tangent to the curve
when x=109
a) -1
(B) 0

1
(C) 3
(D) 1

(E) Undefined

&
56. Find & if sec 7=(r=x),
W —
Jsec y
(B) I3y
tan y+3x—3y
Jx—3y

sec y+3x—3y
3xt —6xy +3y°
sec y-tan y+3x° —Gxy +3y°
3x—3y
secy-tany+3x—3y

4
57. Find dc if ¥=7+5 .
uﬁ} 5xi+2x—|
B) (5 **7')(2x+2)
0 (R
D) (2x® +6x+2x-2)(5° *2*y
E) (x*+2x—1)(2x+2)

X 2x=1

(
(
(
(

cos(x) +

]

ml“"*



In(Zx+ 4) —In(2x)
h is

lun&_mI

= 1=

(B) 5
(C) In x

(D) 1n(2x)
(E) Undefined

?"ZZC{JS[E]
59. The slope of the line normal to the graph of 2) at
B=m is

) -1

(B) 0

€ 1

(D) 2

(E) Undefined

60. If f5)=6 and f’@:?, then the equation of the tangent to

the curve Y=/ at x¥=5 is
(A) y=7x—35
(B) y=7x-29
(©) y=6x—42
(D) y=6x-37
(E) y=06x-7

Table for Questions 61 and 62

X 1 2 3
f(x) 3 0

f'(x) -3 5 -2
g(x) 4 —1 1
g’(x) —4 3 0

61. If hlx)= flx)glx) then #(2)=
(A) -5



(B) -3

€ 0
(D) 3
(E) 15
If Alx)=g(f(x))  then #'(3)=
(A) -3
(B) 0
(C) 8
(M) 9
(E) 12
4 e
3 T

If 28" =243y =12, then, in terms of x and vy, d¥x
A) 3):'"—:.!*

g—Ee

o AR

(B) 8.}:2 ¥

EhET ek
© y—8x”

9}2—3:
Dy 2L=%%

=2y
wy 2E

XDy

If f{x}=45‘?¢'i{5ﬂ“’}, then f' (x) is
(A) 12 sec?(5%)

(B) 60 sec?(5%)

(C) 60 tan(5x)

(D) 60 sec?(5x) tan(5x)

(E) 60 sec?(5x) tan?(5x)

If 6 , then ¥ (0)=



(E) x+e*

_ 2x+7
If 7 5-2x, then
A) 24

(5—2x)°
(B) 2x+7

(5-2x)°
(5-2x)°
{l}} 25 - "-i:.:'li'2
(5-2x)°
(5— E:J.;']I2

B |&

flx)= —cos” (x” + 2x —3) then fiix) =
—2cos(x” +2x—3)

—~(4x +4) cos(x” + 2x—3)

(4x + 4) cos(x” + 2x — 3)sin(x” + 2x—3)

(4 + 4) sin(x” + 2x — 3)

2sin(x? +2x—3)

ZOO=Ez= o
P



70. What is the slope of the line that is tangent to J(x)=In

2
(arcsin(x)) at . 29

(A)
(B)

o 0oy oo 3N

Bt

=

71. What s

MCTOWI 0% N S0 IWE WEANEY

Ax—=0 Ax ?




72. What is ol
(A) 243
3
(B) —?

() 0

J3

(D) 5

E) 243

f" [EJ =
73. If flx)=cos(3x)- sin” (2x — ) then 3

74. What 1is the slope of the tangent to the curve
PO +y*)=3%" ar {2,\5]?

A) 243
B) V2
(C) E
j._
(D) Tz
(E) %

75. What 1is the slope of the tangent to the curve
sin(7x) + 9cos(my) = x*y 4t (3, -1)?

T—9
_&—
(A) c

6

B ——
{}fr—*}



&

77. If Se==r 4 glx)=cosx ping [f(gleN]”

(A) sinx
4afcos x

B) — sin x

4afcos x

78. Given the table below, find the slope of the tangent line

fx)

of £(*) at the point x=2.



f(2) 9(2) (2) g12)

10 3 5 7

o |Reo |GV

>3
D) —=—
(D) 5

(E) Undefined

79. Given the table below, find h” (3), where #(x)= f(x)g(x),
£(3) g(3) £(3) g(3) (3) g”(3)
=] Z -5 1 1 4
(A) -2
(B) -11
) -12
(D) -19
(E) -20
1 dy
=——log,(5x" =9 —
80. For ° 4 02,05 }, find .
B 10x
41n2(5x* —9)
B) ——
In2(5x° —9)
1
(C) ———————
4(5x° —9)
1
(D) -
4In2(5x% - 9)
(B) 1%
4(5x° —=9)
1
Fx)=+xlog, H
81. For ¥J), find ' (x).



(D)

2(In 4%/;
o

2ln4

(E)

EJI
. . flx)=
82. Find the slope of the tangent line to x at the

point x=4.
15¢*
a L
(A) 64
3e”
G4
5t
64
(D) - 5e?
(E) 0

(B

(€)

83. For 2 find ' (x).
2-“'{'
_InE
4
(©) —Iln*(2)
21’
1-In(2)
2%

. 1= ()
(E) 2( e ]




&y
84. For f(l‘}:fﬁ ‘3952(5”), find E
(A) =, smlfﬁx}
(B) —2¢° Sll'l[lU'Y‘}
(C) —‘55‘ mn(lﬂx}
(D) e’ (cos® (5x) —sin(10x))
(E)  ¢"(cos”(5x) — 2sin(5x))

85. Suppose for a differentiable function f, fI0)=2 and
S0=9 Find h' (0), where #x)=¢ f(x),
(4) 0
(B) 1
() 9
(D) 11
(E) Undefined

86. At x=3, a function f has a value of 2 and a horizontal

tangent line. If Mﬂ:ff(x”j, find h' (3).
(4) 0
(B) 4
(C) 6
(D) 12
(E) Undefined

d’y
87. For ¥y=sin(x") find .
(A) —3x*(sin(x’) — cos(x°))
(B) f}'c{u cos(x°) — 3x° sin(x?))
(C) 95 cos?(x)
(D) 3x% cos(x?)
(E) —Gxsin(x)

88. Given that f(x)=3x"+5 find the slope of the tangent line
to £ 1(x) at x=2.

36
(A) —%
(B) —2—9
(C) —

36



1
(D) %
(E) 36

89. If f13)=8 <then the slope of the tangent line to (£~ 1)’
(8) must be

(A)

m_
BC 90. Evaluate =20 i |
(4) 0
(B) 1
) 2
(D) 4
(E) Undefined

91. For a constant n>1, find a general formula for
=2
A) Ly 2

n=1 ;r;.:—z

Rt =

(B)

o A R

-
T
=

=)
I
[ S

(C)

e
e

(D)

o
W= W~ ovlg o=

(E)

R 4
.
ey

e

B C 92. Suppose  that f(0) =¢(0) for two differentiable

=0
i

functions f and g. The limit of &£ as x approaches zero 1is



equivalent to

£

(A) The limit of £ as x approaches zero.
fe-f

(B) The limit of ¢ as x approaches zero.
-z

(C) The limit of 32 as x approaches zero.
I

(D) The limit of‘\i as x approaches zero.

(E) The limit of £ as x approaches zero.

93. The first derivative of a function is linear. Which of the
following must be true of the second derivative of this
function?

(A) Tt must be a positive constant.

(B) It must be a negative constant.

(C) It must be zero.

(D) Tt must be a constant which may be either positive or
negative.

(E) Cannot be determined.

sec”(x)

94. At which values of x does 4 have a horizontal tangent
line?

(A) 0 only

(B) m only

(C) nn for any integer n

o) Z |

2 for any integer n
(E) The function does not have any horizontal tangent lines

95. For a function f, the equation of the tangent line at x = 2
is 5x+ 112, For a function g, the equation of the tangent line
at x = 2 is 2x+ 83, Which of the following statements must be
true?

A) f[2)-g(2)=29
(B) fl2) =g(2)

(©) f[(2)=£Q2)

(D) f(2) —g(2) =29



(E) No conclusion can be made without knowing the exact
form of f and g.

Flys sin” (x)
96. Let f be the function given by %

(A) Find the derivative of f(x).

pis
Xx=—
(B) Write an equation for the tangent line at 2

97. Let f, g, and h be differentiable functions.

#

]
(A) Find a general formula for ( h )

!

[f"' sin{x}]
(B) Use your formula from part (a) to find X

98. Suppose that f is a differentiable function. Find the
i
;,{x],:'[_«’:‘{“’”l

derivative of J;
| | | fa==
99. Find the equation of the tangent line of cosx at
R L)
4,
3 #5
| flo)==
100. Are there any points where both In x and

glx) = 4x =9 have horizontal tangent lines? Justify your answer.









Graphs of Functions and
Derivatives

101. The derivative of g is given by g (%) = x? sinlx — 1), Where on
the interval —m<x=m does the function g have a relative
maximum?

(A) x=1—-=x

(B) x=0

(C) x=1

(B x=1 and x=1
() x=1-1 and x=1

102. What are all values of x for which the function f defined
~{x=7)

by S(x) = xe i1s increasing?
(A) x< -7
(B) x<1
(C) x>1
(D) T<x<l
(E) x<-=7 and x>1

. _ 2 dx
103. At what value of x does the function ¥=12x"—¢™ change

concavity?
(A) x=2.5 1n 6
(B) x=6 1n 2.4
(C) x=24 1n 12
(D) x=2.5 1n 15
(E) x=15 1n 1.6

flx)=—
104. Let f be the function given by ° x—=3. For what
value(s) of x is the slope of the line tangent to the graph
3
of f at (x, f(x)) equal to 4°?
(A) x‘:_i
7
‘.—)

(B) x==
7

{{-:I _‘{::1 or _‘{:'3
(5 cx=7
(E) No solution



105. The graph of the derivative of h(x) is given.

=

GEESE:

Which of the following could be the graph of h(x)?

h'{x)

(A)
-
(B)
\/\\/
(<)

]




(E)

106. According to the mean value theorem, there exists at least

one x=¢ on the interval 1<x<#é such that f@==1/2  Find b
if flx)=8x—x3
(A) £#=1.68
(B) b=2.19
(Cy B=2.28
(D) b=2.82
(E) £=2.89

107. Which of the following is an inflection point of

pl:x}=x‘i—2ri-|— 10x — 89
(4) (-8, 0)
B) (-1, -15)
() (0, 8)
(D) (1, 1)
(E) (12, -1)

108. What is the rate of change of the function

F)=v9-x acx=29
(A) -6
(B) —=

109. The line tangent to the function g =In(x"+x+6) 4t x=0
is
(A) y=xIn6

(B) y= élnﬁ



1
(C) Jﬂ:E{x—lnGJ
(D) y=6x—-1In6
(B) y=Lx+lnG
6

110. The graph of a function g(x) is given.

Which of the following could be the graph of g’ (x)?

(A)

P o -

(B}

Zan
e
N7

/\
7

(L)




(E)

111. For which values of t is the function in the xy plane
defined as x=4—+¢ and Y= ¥ increasing?
1
A) t<——
(A) 3
(B) ¢t<0
1
C) t>—
(C) 5

9

(D) &> 5

(E) t<4
dy

112, 1f y=In(8=%) then
(A) 3x°
xjjﬁ
(B} Ax

8—_.3:'

3

113. A particle travels along the curve defined by *=cos(2s)
T

y=sin(f) starting when r=0. When 4, the particle stops
following the curve and continues along the line tangent to

V2

the curve at the point [ L2 ]. What is the slope of the
tangent line?

(a) -2

B) -1



]i
4
D) 0
gy N2
2

114. The function f 1is continuous and differentiable on
0=<x<10. Use the table of values to determine an interval
for which according to Rolle’ s theorem F=0 for some ¢ on
the interval.

X f(x)
0 2
1 5
3 6
G 7
7 5
9 4
10 1

(A) 6<x<7

(BY S<xT

(C) 1=x<7

(D) 5<x<6

(B) 3<x<6

115. The table below includes all critical points of the

continuous function g(x). Use the table to determine where
the function g(x) is increasing within the interval -2<x<20

X g(x)
-2 1.47
—(0.94 0

0 —0.33

9.08 0
14 -7.3

20 —4.40




(A) 0<x<20
(B) 0<x<9.08 gnd 14 <x< 20
(

C) -2<x<0
(D) 2<x<-94
() =2<x<-=94 gnd 14<x<20

116. The table below gives specific values of the derivative of
the function h(x) and includes all critical points of the
function h(x). What is the maximum value of h(x)?

X h'(x)
-10 33.9
2.2 0
0 —9.9
3.7 0
5 —2
9.5 Does not exist
10 8
(A) h(-10)
(B) h(-2.2)
(©) h(3.7)
(D) 33.9

(E) h(x) may or may not have a maximum value.

117. The second derivative of f(x) has zeros at x=a and x=¢

and a minimum at x=# as shown. The function f(x) is concave
up



B
]

(A) when Ox<a

(B) when Ox<é

(C) when x>4

(D) when Ox<a and x>¢
(E) nowhere

118. If the line tangent to Y=f®) at point (-3, 8) passes
through the point (-2, 5) then,

(A) f/(-2)=3
(B) f'(-2)=-3
©) f1(=3)= %
(D) F/(-3)=-3
(E) f(=2)=5

119. The derivative of f has a zero at x=a and a relative

maximum at ¥=&, as shown. Which of the following is not
true?

Fix)




(A) f(x) has a relative minimum at x=a.
(B) f(x) has an absolute maximum at x=#&.
(C) f(x) is increasing on (a, b).

(D) £f” (x) is positive on (a, b).

(E) f” (x) has a zero at ¥x=#6,

120. The graph of g(x) has zeros at x=#k and x=#u and a

relative maximum at m as shown. Based on the graph, which of
the following is true?

gix)

D4

=
3+
=

(A) ¢’ (x) has a relative maximum at x=#k.
(B) g’ (x) has a zero at x=m.

(C) g” (x) has a zero at x=n.

(D) g’ (x) is continuous everywhere.

(E) g” (x) is never negative.

121. Let f®=x—=x gych that f is continuous on a closed
interval [ -1, 1]. Find the critical number(s), c, that
satisfies the mean value theorem for the given function and

interval.

(A) +JE:

N3
B) £3
€) 0

3

1
By s
(E) 3

BC 122. Approximate the angle between vectors n=(2,3) and



r=(6,4) in radians.
(A) 0.040 radians
(B) 0.281 radians
(C) 0.395 radians
(D) 1.017 radians
(E) 1.571 radians

Flal= ix"x —6xt +35x -1
123. Find the extrema of function 3 )

(A) absolute minimum at x=0
(B) absolute maxima at *=23,7
(C) relative maximum at x=-5, relative minimum at x
(D) relative maximum at *¥=35, relative minimum at x=
(E) relative maximum at x=7, relative minimum at x=5

7

124. Find all critical ©points, ¢, for the function

2 3 )
flx)= gx" +5x°—28x—10
(A) £=0,-7,-3 '

(B} ¢=—7,2
(C) ¢=0
(D) ¢=-2.7
(E) ¢=10

125.  Find the inflection point(s) for the function
F6) = 2+ 47
(4) (0, 0)
(B) (-4, 0)
(c) (0, 0), (-4, 0)
(D) (-4, 0), (0, 0), (4, 0)
(E) (-4, 8)

2

BC 126. Find the polar equation of the ellipse 25 16
(A) r=16cos?8+ 25 sin? @
cus‘ﬂ_l_sin‘]H

.X'Z
2

B =

B) r==*+75%
& e 20

L 4cosB+5sinb
(D) r= 2D

-.,,||'16+_‘Jsin29



20

) r_4+3ﬂnﬂ
, {Uﬁff}

127. Let S =sinx on the interval 2, Find an
approximation to the number(s) ¢ that satisfies the mean
value theorem for the given function and interval.

(A) 0.3014
(B) 0.4404
(C) 0.6366
(D) 0.8041
(E) 0.8807

128. Which of the following statements is true of the function
(x)=x39
I. There is a critical point at (0, 0).
II. £/ (0) and f” (0) are undefined.
ITII. The curve is concave up over the interval (0, +ea).

IV. The curve is concave down over interval (-oo, 0).
(A) T and IIT only
(B) I, II, and IV only

(C) 1, II, and III
(D) I, III, and IV
(E) 1, II, III, and IV
129. If jﬁLﬂ::sz——S, find the interval(s) where f 1is
decreasing. |
5
A) | —ee, —4]—
i
7
B | s 31
2
\
3 ”
i = 3,+m]
2

}
(D) -—JEL E]
| V2’ V2
&
(E) MFE,—HmJ
2

\




BC 130. Find the components of the vector of magnitude 6 and
T

direction.g.
) V3.3
(B) (3. 0)
(©) (243, 3)
(D) {1, 3)
(E) (&, m)

1
131. A function " x—1. Determine

intervals (-, 1) and (1, +ee), respectively.

(A) concave up, concave up

(B) concave down, concave up
(C) concave down, concave down
(D) concave up, concave down
(E) concave up, no concavity

concavity for

132. Determine the symmetry, if any, of the graph of 7=0 cos(36)

(A) symmetric about the x—axis, the y-axis,
(B) symmetric about the x—axis and the pole
(C) symmetric about the pole and the y—-axis

(D) symmetric about the pole only
(E) symmetric about the x—axis only

and the pole

133. Determine the intervals on which f=ad = increases and

the intervals on which it decreases.

(A) increasing on (-, 0), decreasing on (0, +eo)
(B) decreasing on (- oo, 0), increasing on (0, +o0)

(—W, ﬂ] L [E, +WJ

2]
0, —
(C) increasing on 3 , decreasing on ( 3

2
{_m: U} L [g: -I‘—-:x:u]

(D) decreasing on
2

—Qﬂ} e

(E) increasing on [ 3], decreasing on [

2
increasing on 3

' +°°]
3

134. If f1f3=|x2_“”, which of the following statements about f

are true?

I. f is continuous on the interval (- os, + o).



II. f has points of inflection at x==%2,
ITI. f has a relative maximum at (0, 4).
(A) T only

(B) II only

(C) TIT only

(D) II and III

(E) T and III

135. Find the length and direction of the vector represented by

3, 343).

(ﬂ}nw=3¢ﬁ}9=§
(B) ||r||=3J1_n,e=%
tcynw=6,9=g
® lrl=6. 6=
(F) ||r||=e,e=g

136. Find the critical point(s) of the function Jf() =4 —3x+2

(A) _Jﬂ _1
% 2
(B) —=
8
C) 0
3
i) R
(D) % 1
]
(E) 3

137. Determine the wvalues of a and b in the function

ﬂﬁ=¢ﬁ+bﬂ£

x) that f has a minimum at (1, 4) and maximum at

(-1, -4).
(A) a=-2.6=06
1
B ﬁz—,i’:l
(B) a 3

(C) a
(D) a
(E) a«



B C 138. Find the equation for #’cos28=1 1in Cartesian
coordinates.

@) 4L =)

2 2
(B) (x=2)2+y=1
(C) (x+2) -y =1
Hﬂr+y—]
(E) &= =1

139. Verify whether fl)=3~12x+] satisfies Rolle’ s theorem
on the interval [0, 4] and find all numbers c¢ that satisfy

F@=0

(E) f(x) does not satisfy Rolle’ s theorem on interval [O,
4].

0. Find the interval(s) where f(x) 1is 1increasing if
o) =2t — 16

4 (-2, 2)

(B) (0, 2)

(C) (=00, =2) U (2, +o0)

(D) (-2, 0) w (2, +os)

(E) (—eoe, =2) (0, 2)

1

BC 141. A parametric curve 1is given by x=Int and y=4e+1

Find the Cartesian equation of the curve.

1
& e
A) %Inx
B
B) f-ilnx
(C) y=4lnx+1
(D) y=4¢+1
(E) _],'“1111:

142. Find the relative maximum and minimum values for the
function S =2+ +15 on the interval [ -4, 4].
(A) minimum: SO =15 paximum: f3) =78
(B) minimum: J'C{Z:’:?’S, maximum: J(=2)=



f{‘l] 406
(C) minimum: 3 27 , maximum: f':U] =15
1)_@

e
(D) minimum: @ =15 mpaximum: 3 27

(E) minimum: fi=2)=3 , maximum: f(2)=3

143, f'®)=3x"-2x+1_ Find the concavity of function f on the

—og, —

(= 3) wa 5]
intervals 3) and \3 respectively.
(A) concave down, concave up
(B) concave up, concave down
(C) concave down, concave down
(D) concave up, concave up
(E) concave down, no concavity

144. What shape is described by the equation r=5cos46?
(A) limacon with inner loop
(B) limacon with no inner loop
(C) rose with 8 petals of length 5
(D) rose with 4 petals of length 5
(E) cardioid

145. Which of the following statements are true of the graph of

f below?
F

B

A

¥

I. /720 on the interval from D to F
II. /7=9 at points B, D, and F

I11. /”>0 on the interval from A to B
Iv. /720 on the interval from D to F

f




(A) T and II

(B) T and IIT

(C) 1T and TV

(D) II, III, and IV
(E) 1, II, and IIT

146, fG=1-x

(A) Find the intervals on which f 1is increasing or
decreasing.

(B) Locate all maxima and minima.

(C) Find the intervals over which f is concave upward or
downward.

(D) Find all inflection points.

(E) Sketch the graph of f.

147. There are two vectors (I, -4) and {2, k), where k is an
unknown quantity.
(A) Find a value of k such that the vectors are orthogonal.
(B) Find a value of k such that the vectors are parallel.
(C) If k=6, find the angle between the two vectors. Round

to the nearest tenth of a degree.

BC 148. A force of 2 newtons is applied to the right side of
an object. A force of 4 newtons is applied from below. A

force of 8 newtons is applied to the left side of the object
i

at an angle of 3 above the horizontal.
(A) Find the resultant force vector being applied to the
object.
(B) Find an approximation (to the nearest hundredth) of the
magnitude of the total force on the object.
(C) What additional force vector would need to be applied
to keep the object from moving?

149. Given the graph of f’ , find the following properties of
the function f:



150.

'_l,‘l'JI.

F 3

v
(A) The intervals on which f is increasing or decreasing

(B) The location of the relative maxima and minima
(C) The points of inflection and concavity of f

(D) Draw a sketch of f, given that S =f1)=5f(0)=0
and f':ﬁ} = "5.

flx) = —:v:‘%.

(A) Find the intervals on which f 1is 1increasing or
decreasing.

(B) Locate all maxima and minima

(C) Find the points of inflection, if any, on f.

(D) Find the 1intervals where f 1is concave upward or
downward.

(E) Sketch the graph of ) =x—x









Applications of Derivatives

151. The position of a moving car 1is given by f)=2x+5
meters. What is the velocity of the car?
(A) 0.5 m/s
(B) 1.0 m/s
(C) 2.0 m/s
(D) 2.5 m/s

(E) 5.0 m/s

152. A spherical balloon is being inflated. What is the volume
of the sphere at the instant when the rate of increase of the
surface area is four times the rate of increase of the radius

of the sphere?

1
(A) —— cubic units
o
dmr” N
cubic units

(B)
(C) 4m* cubic units
(D) - — cubic units

6m”
(E)  &mr cubic units

153. A conical funnel has a base diameter of 4 cm and a height
of 5 cm. The funnel is initially full, but water is draining

at a constant rate of 2 cm®/s. How fast is the water level
falling when the water is 2.5 cm high?

1
(A) — cm/s

ZEI
B) —— cml/s
(B) 22?'1' cm/s
(C) — emls

HZ
(D) —— cmls

T

(E) -2m cm/s

154. A light on the ground 50 m from a tall building shines on
a 1-m tall child. The child is walking away from the light at
a velocity of 1 m/s. How fast is the shadow on the building
decreasing when the child is 10 m away from the building?



K nils
]

(B) —— m/s
50

(C) s m/s

(E) —é m/s
5

155. A camera on the ground is 100 m away from a model rocket
launch pad. When the rocket is launched, it rises at a
constant velocity of 20 m/s. How fast must the camera’ s
angle change when the rocket is 100 m high?

(A) 0.57 deg/s
(B) 1.1 deg/s
(C) 2.3 deg/s
(D) 5.7 deg/s
(E) 11.4 deg/s

156. The width of a rectangle increases twice as fast as the
length. How does the rate of change of the area of the
rectangle compare to that of the rate of change of the width
when the length of the rectangle is twice the width?

(A) w
(B) w/2
(C) 2w
(D) 2.5w
(E) 5w

157. Given the cost function Clx)=200+4x+05%" what is the

marginal cost, when x=509
(A) $5
(B) $54
(C) $200
(D) $250
(E) $1650

158. The position of a particle with time (seconds) can be

described by the following function: fl)=x—6+9x At what
times, will the velocity of the particle be zero?



(A) 0 and 4 s
(B) 1 and 3 s
(C) 0 and 3 s
(D) 1 and 2 s
(E) 2 and 4 s

159. You have 500 ft of fence to enclose your dog in a
rectangular area. What are the dimensions of the fence that
will give you the maximum area?

(A) length = 50 ft, width = 200 ft
(B) length = 100 ft, width = 150 ft
(C) length = 75 ft, width = 175 ft
(D) length = 180 ft, width = 70 ft
(E) length = 125 ft, width = 125 ft

160. A man and a woman leave the same intersection and walk
away at the same speed. The man walks due east at 1 m/s,
while the woman walks due south at 1 m/s. When the man and
the woman are each 100 m away from the intersection, how fast
is the distance between them increasing?

(A) 1.0 m/s
(B) 1.4 m/s
(C) 2.0 m/s
(D) 2.8 m/s
(E) 3.0 m/s

161. What is the instantaneous rate of change of this function:
Flad=2n = ‘ix+2, when x=20°?
(A) 20
(B) 76
(C) 152
(D) 3042
(E) 6396

162. The position in meters of a moving object can be described
by this function: S0 =2¢"=47+2x=5  \What is the
instantaneous acceleration of the object at x=1079

(A) 112 m/s?
(B) 120 m/s?
(C) 522 m/s?
(D) 1120 m/s?
(E) 1200 m/s?



163. The cost of producing a brand of computer is given by this

function Clx)=200+16x+0.1x°, If the computers sell for $500
each and 1000 are produced and sold, then what 1is the
marginal profit?

(A) $100

(B) $142

(C) $200

(D) $284

(E) $500

164. A right cylindrical cone has a radius of 4 cm and a height

of 2.0 cm. If the height increases at 0.5 cm/min, but the
radius remains constant, then what will be the rate of change
of volume?

(A) 1.1 cm®/min
(B) 2.1 cm’/min
(C) 4.2 cm®/min
(D) 6.3 cm?/min
(E) 8.4 cm3/min

165. What are the coordinates of the vertex of the parabola

y=3x+ 29

(A) (0, 0)
B) (-2, 0)
) (0, -2)
(D) (0, 2)
(E) (2, 0)

BC 166. Water is continuously pumped into and removed from a
cylindrical holding tank with a radius of 10 m. If the water

is pumped in at the rate of 100 m?/min and removed at the

rate of 70 m’/min, then what is the approximate rate of
change of the water level in the tank?

(A) -1.0 m/min

(B) -0.1 m/min

(C) 0 m/min

(D) 0.1 m/min

(E) 1.0 m/min

167. An 8-ft ladder is leaning against a wall. If the top of



the ladder is sliding down the wall at 1 ft/s, how fast is
the bottom of the ladder sliding away from the wall when the
top is 4 ft from the ground?

(A) 3 fis
(B) 2 fils
J3

(C) — fifs

168. A 1.0-kg iron block is heated. The amount of heat stored

in the cylinder is given by'{sz”de, where Q is the thermal
energy (J), m is the mass in kg, c¢ is the specific heat
capacity (c of iron = 460 J/kg + K), and AT is the change
in temperature (kelvin, K). If the block is heated so that
the change in thermal energy is 100 J/s, then what is the
approximate rate at which the temperature changes?

(A) 0.1 K/s

(B) 0.22 K/s

(C) 0.50 K/s

(D) 0.8 K/s

(E) 1.0 K/s

cm3/s. How fast is the diameter increasing when the radius of

the balloon is 10 cm?
1

169. A spherical balloon is being inflated at a rate of 50

(A) — cmfs
5

(B) = emfs
§

C) — cm/s

(C) = cmys

() o i
T

(E) a cmfs

170. A farmer has 160 m of fence to enclose a rectangular area
against a straight river. He only needs to fence in three



sides. What is the maximum area that he can enclose with his
materials?

(A) 160 m?
(B) 320 m?
(C) 960 m?
(D) 1920 m?
(E) 3200 m?

171. Given the cost function Clx¥)=144+0.1x+0.04" what is the

minimum average cost per unit?
(A) $20
(B) $40
(C) $60
(D) $80
(E) $100

172. A graph of y=—2x+4 encloses a region of the x and y axes
in the first quadrant. An inscribed rectangle has one vertex
at the origin and the opposite one on the graph. What are the

dimensions of the rectangle that has the maximum area?
(A) length = 0.5, width = 2

(B) length = 1, width = 2
(C) length = 1, width =1
(D) length = 2, width =1
(E) length = 2, width = 2

173. Find two negative numbers that add up to -50 such that
the maximum product is possible.

(A) -5, -45
(B) -10, -40
(C) -15, -35
(D) -20, -30
(E) -25, -25

174. A spherical balloon is being inflated. At some point, the

volume of the sphere is 1/(48m2) cubic units. At that
instant, how does the rate of increase of the surface area
compare to the rate of increase of the radius of the sphere?
(A) They are equal.
(B) The increase in surface area is one-half as fast as the
rate of increase in the radius.



(C) The rate of increase is one—fourth as fast as the rate
of increase in the radius.

(D) The rate of increase of the surface area is twice that
of the radius.

(E) The rate of increase of the surface area is four times
that of the radius.

175. You want to make an open box from a 4 cm by 8 cm sheet of
cardboard by cutting a square from each corner and folding
the sides up. What is the length of the square that will
yield the greatest volume?

(A) 0.1 cm
(B) 0.5 cm
(C) 0.85 cm
(D) 1.7 cm

(E) 1.9 cm

176. Given the cost function Clx)=500+06x+0.2x and the price
function Fﬂﬂrrzn, how many units should be produced to have
the maximum profit?

(A) 10
(B) 14
(C) 20
(D) 35
(E) 50

177. Find two positive numbers that add up to 30 such that the
maximum product is possible.
(A) 3, 27
(B) 5, 25
(C) 10, 20
(D) 15, 15
(E) 21, 29

178. Two cars leave the same intersection and drive away. Car A
drives due east at 100 km/h, while car B drives due south at
50 km/h. After 1 h from the intersection, how fast is the
distance between them increasing?

(A) 10 km/h
(B) 28 km/h
(C) 56 km/h



(D) 112 km/h
(E) 150 km/h

179. A 1.0-kg copper block is heated. The amount of heat stored

in the cylinder is given by @=mAT  where Q is the thermal
energy (J), m is the mass in kg, ¢ is the specific heat
capacity (c of copper = 390 J/kg * K), and AT is the change
in temperature (kelvin, K). If the block is heated so that
the rate of change in temperature is 0.026 K/s, then what is
the approximate rate at which the thermal energy was added?

(A) 1.0 J/s

(B) 2.0 J/s

(C) 5.0 J/s

(D) 8.0 J/s

(E) 10 J/s

180. A piano is suspended by a 90-ft rope through a pulley that
is 40 ft above a man’ s arms. The piano is at some height
above the ground. At #=0, the man is 30 ft horizontally from
the piano and walks away at 12 ft/s. How fast is the piano
being pulled up?

(A) 1.0 ft/s
(B) 2.1 ft/s
(C) 4.5 ft/s
(D) 5.2 ft/s
(E) 10.4 ft/s

181. The position of a particle with time (seconds) can be

described by the following function: [ =x" =92 +24x  py
what time, will the acceleration of the particle be zero?
(A) 0 s
(B) 1
(C) 2
(D) 3
(E) 4

n nn n wn

182. A long, rectangular piece of metal, 16 in wide will be
used to make a gutter. Two sides of equal length (x) will be
turned up perpendicularly. How many inches should be turned
up to give the maximum capacity?

(A) 1 in



(B) 2 in
(C) 3 in
(D) 4 in
(E) 7 in

183. An ellipsoid has the following radii: %»=8cm }b2:4C"H
and 7:=2¢M_ r  remains constant, but 1, increases by 0.5
cm/min  and r. increases by 2 cm/min. The equation for the

volume of an ellipsoid is V=(4/3)mr .. What will be the rate
of change of volume?

(A) 137 cm’/min
(B) 167 cm®/min
(C) 647 cm/min
(D) 961 cm®/min
(E) 128 cm®/min

184. A plane lifts off from a runway at an angle of 30° . If
the speed of the plane is 500 mi/h, then how fast is the
plane gaining altitude?

(A) 50 mi/h

(B) 100 mi/h
(C) 150 mi/h
(D) 200 mi/h
(E) 250 mi/h

185. The cost function of producing a product 1is
Clx) =300 +4x+0.2¢" If the product sells for $500 each, then
what is marginal profit function?

(A) P'(x) =4+ 0.4x

(B) P'(x) =500 —0.4x
(C) P'(x) =504 + 0.4x
(D) P’(x) =496 — 0.4x
(E) P'(x) = 496 + 0.4x

186. A company orders 600 m of fence to enclose a rectangular
area of their property against a straight river. The company
only needs to fence in three sides. What is the maximum area
that can be enclosed with these materials?

(A) 6000 m?
(B) 36000 m?



(C) 42000 m?
(D) 45000 m?
(E) 90000 m?

187. 0il 1is continuously pumped into and removed from a

cylindrical holding tank with a radius of 100 m. If the oil
is pumped in at the rate of 5000 m3/min and removed at the

rate of 100 m3/min, then what is the approximate rate of
change of the oil level in the tank?

(A) -16 m/min

(B) -0.16 m/min

(C) 0 m/min

(D) 0.16 m/min

(E) 16 m/min

188. The position in meters of a moving object can be described
by this function: f)=16x—=147+6x-7  What is the
instantaneous velocity of the object at x = 0.5?

(A) 1 m/s
(B) 2 m/s
(C) 4 m/s
(D) 8 m/s
(E) 16 m/s

189. What is the maximum volume of a cylinder that can be

inscribed in a cone with an altitude of 15 cm and a base
radius of 3 cm?

(A) = cm’

(B) 2n cm?
(C) 4n cm’
(D) 167 cm?
(E) 201 cm?

190. The pressure across a bubble (Ap) is given by this

equation: ﬁp::EWr, where 7y 1is the surface tension and r is
the radius of the bubble. As the pressure across the bubble
increases, the bubble shrinks. So, how does the rate of
increase in pressure change compare to the rate of change of
the radius when the rate of change of the surface area is
four times the rate of decrease of the radius of the bubble



(assume that y is constant)?

(A) -8 Y pressure units/time

(B) -1/87*y pressure units/time

(C) -m/8Y pressure units/time

(D) —8yn? pressure units/time

(E) —7*/87 pressure units/time

191. A tin can has a base diameter of 10 cm and a height of 10

cm. The can is initially full, but a hole is poked in the
bottom center of the can. Water is draining at a constant

rate of 4 cm®/s. How fast is the water level falling?

(A) J—mnh
4 1
(B) ——cm/s
¥
(C) ———cmls
25
(D) - m cm/s
(E) -27m cm/s

192. Given the cost function Cl)=x"+20x+4 what is x so that
the average cost function is minimum?
4) 2
(B) 4
(C) 6
(D) 10
(E) 20

193. The velocity profile of a rocket can be described by the
following function: Y+ —2F+37+2, At what time or times does
the acceleration equal zero?

(A) 0 and 4 s
(B) 1 and 2 s
(C) 2 s
(D) 2
(E) 1

and 3 s

194. The height of a football when punted into the air is given
by the function: ) =vt—Yog  The initial velocity of the
football is v, g is acceleration due to gravity (10 m/s?),
and t is time in seconds. If a football is kicked with an



initial velocity of 20 m/s, then how long will it take to
reach its maximum height?

(A) 0.5 s
(B) 1.0 s
(C) 1.5 s
(M) 2.0 s
(E) 2.5 s

195. You are given a position function for a moving object:
X ] E: = . . .
flx) =2 = 206+ 5 in  meters. What is the  object’ s

acceleration?
(A) 0 m/s?
(B) 1 m/s?
(C) 2 m/s?
(D) 3 m/s?
(E) 4 m/s?

BC 196. A student builds an experimental model rocket with a
variable thrust engine. The test flight lasted for 5 s and
the rocket’ s altitude (in meters) could be described by the
following function:

(A) What is the velocity function of the rocket (m/s)? What

is the acceleration function of the rocket (m/s?)?

(B) Make graphs of each function vs. time(s) for 0 to 5 s.
Derive the maxima and minima for each graph (show your
work) .

197. A conical funnel has a base diameter of 6 cm and a height
of 5 cm. The funnel sits over a cylindrical can with an open
top. The can has a diameter of 4 cm and a height of 5 cm. The

funnel 1is initially full, but water is draining from the

funnel bottom into the can at a constant rate of 2 cm’/s.
Answer the following questions: (show your work).
(A) How fast is the water level in the funnel falling when
the water is 2.5 cm high?
(B) How fast is the water level in the can rising?
(C) Will the can overflow? If not, how high will the final



level of water be in the can?

BC 198. The perimeter of an isosceles triangle is 16 cm. Do
the following:
(A) Make a drawing of the problem.
(B) What are the dimensions of the sides and height for the
maximum area?
(C) What is the maximum area?

199. A T-shirt maker estimates that the weekly cost of making x

shirts is €l =50+2x+x/20  The weekly revenue from selling
x shirts is given by the function: R(x)=20x+x%200 (Show
your work).

(A) What is the profit if all the shirts made are sold?

(B) What is the maximum weekly profit?

200. You are to make a cylindrical tin can with closed top to

hold 360 cm?.
(A) Make a drawing and label what is given.
(B) What are its dimensions if the amount of tin used is to
be minimum?
(C) What is the surface area?









More Applications of
Derivatives

201. A function y has a tangent at x=a4 and a parallel tangent

at x=#4. Which of the following statements must be true?

dy dy
A
'L dic = dx le=s

d}f d}"
BY = s
( J , |x—.-‘.1 , |.~:—e’=

dy
C) —=0
(C) ’-’f," N
@y
D) Z|_ =&
(D) dlxlx'=.r{ aj].-' |x=.-r
. d dy
U:} iL‘:ﬂiih:b
202. The velocity function of a moving particle is
v(t)=t"-12:*+5,  What is the particle’ s instantaneous
velocity at =37
(A) -8l
(B) -76
(C) 76
(D) 81
(E) 94

203. What 1is the approximate value of {/?_3 using linear
approximation?
(A) 2.64
(B) 2.68
(C) 2.75
(D) 2.86

(E) 2.97

BC 204. What is the slope of the line tangent to the curve
1+££]
?

defined by r=1+sinf@ at the point [ 2. 3

1
A) —
{.2



®) £
14-J5
=43
D) 1+2+3
14—2J§
(E) -
12943

BC 205. The velocity vector of an object moving in a plane is
(3t%, =92

(@)

What is the magnitude of the acceleration to the
nearest tenth at time = 39

(A) 10.0

(B) 18.2

(C) 20.1

(D) 27.3

(E) 54.2

206. A penny is dropped from the roof of a building 200 ft

tall. The position function of the penny is 5“}:‘46ﬁ2+2UU,
where #=( is in seconds. Approximating to the nearest second,
find the time t when the penny will hit the ground.

(A) 2 s

(B) 4 s

(C) 7 s

(D) 10 s

(E) 16 s

207. What is the slope of the normal line to a curve at point

1

(x, y) if the slope of the tangent at the same point is 3°?
(4) -3
1
Bj o
(B) }
C) —=
(,ya
D_
(}3
(E) 3

208. If f is a differentiable function and fB)=10 gpnq f(5)=2



, what is the approximate value of f (5.5)9
(A) 10
(B) 10.5
€ 11
(D) 11.5
(E) 12

BC 209. A particle moving in a plane has a position defined by
(2¢°=1,47, What is the particle’ s speed at time r=1?
a) 22
B) 24/5
©) 4
(D) 42
(E) 445

210. The position function of a particle moving in a straight
line is s(t)=t" =9 +24¢r—2_ Dyring what time interval is the
particle moving to the left?

(A) £20
(B) 2<¢t<4
(C) 2<¢t<4
(D) t>4
(E) 0<¢<2

211. What is the approximate value of co0s62° wusing linear
approximation?
(A) 0.45
(B) 0.47
(C) 0.49
(D) 0.51

(E) 0.52

12. If the function y is differentiable at x=a& such that

4 L
dx =" does not @ " , describe the tangents to function y
at x=a,

(A) horizontal tangents

(B) parallel tangents

(C) vertical tangents

(D) no tangents

(E) horizontal and vertical tangents



13. Find the approximate value of (5.2)% wusing linear

approximation.
(A) 130
(B) 135
(C) 140
(D) 145
(E) 150

214. A particle moving along a straight line has a velocity
_ Mﬂ=2ﬁ—l¢1+%—6 o _
function of 2 . What is its acceleration at
time t=49
(A) 90
(B) 96
(C) 104
(D) 112
(E) 130

BC 215. What is_ the speed of a particle whose motion 1is
defined by =25 +5f gnd x=6¢, when r=1?
(a) 7

(B) 9

(C) 37
(D) 57
€ 17

BC 216. What is the slope of the tangent to the curve defined

1 5

y=i =7 _

by 5 and x=06¢t—1, when #=3?
1

A it
(A) %
(B) —
3

) 1
3

(D) E

BC 217. The function "={"2t) defines an object moving in a
plane. What is the vector T tangent to the path of the object
at time =29



3 2
H —j—
= <JE m>
4 4
C) { —,—
= <JE 13>
12 8
D) { ——=—, —
o (& 45)
(E) 4, 8
BC 218. A curve is defined by *(£)=2 sin t and }‘(f}=*‘2_25.
dy
Find dkx.
sint
A
(A) :—}
B) =
T
C
© 2(e=1)
(D) 2r—1
cost
ant
E
(E) 2+ —1

BC 219. The velocity of a particle v=(4¢%,31) What is the
magnitude of the acceleration to the nearest tenth at=2?

(A) 3.7

(B) 8.5

(C) 11.1

(D) 16.3

(E) 17.1

220. Find the value of x at which the graphs of y=ux* and ¥ =4x

have parallel tangents.
1
A) x==
(A) x 5
(B} x=2

@) e=al2
(1)) x=4
(E) =8



BC 221. Calculate the slope of the line tangent to the curve

27_]
r=1+2cos® at the point [ =

A -2y3

(B) -wc_

Q) —-—=
JE
1

D

(D) Ew[-

(E)

3J5

222. A ball is dropped from the roof of a building and hits the
ground 15 s later. The position function of the ball is given

(A — 2 . o .
as 0= 167 —wi+s5  where s, is the initial position measured
in feet and v, is the initial velocity. Find the height of

the building.
(A) 240 ft
(B) 900 ft
(C) 1225 ft
(D) 2400 ft
(E) 3600 ft

BC 223. A curve is defined by x(¢)==3¢=3t"+6t—1 gnd »(r)=3sint
dy
Find .

{A:I' ISI[’H‘
I _—5f+6
(B) cosf 3
2=2r=3¢"
COs i

2—2;—&3

D) - ﬁsinr

3t =2+ 2
COsE

9t + 6t —6

(C)

(E) =

224. The position function of a particle moving in a straight

line 1is f&)=fﬁ+5h—5f+1, where £20. At what value(s) of t
does the particle undergo a change of direction?



(A)
(B)

4
Il
[a—s

—
e

Lo

P

b b ]
Il Il
[ —

=
g
e
4
I
s e i
s unon | Geks |

—
[T}
e
=+
Il
—_—

) 1
f{3}—-g

225. If £ is a differentiable function and and

s I-
FBy=== .
9, find the approximate value of f(3, 4).

(A) 0.288
(B) 0.294
(C) 0.302
(D) 0.312
(E) 0.340

226. At what value(s) of x do the graphs of y=2x" and

1
y=—=x"+x+0
2 have parallel tangents?

27. Using linear approximation, find the approximate value of

139,
(A) 11.49
(B) 11.73
(C) 11.79
(D) 11.89
(E) 12.21

BC 228. Find the acceleration vector for a particle whose

motion is defined by x=-4r*+2¢t—1 and ¥ =0¢,



(a) <0, 6
(B) €8, 62
) (-8,6)
(D) (-8,0)
(E) €0, -8

BC 229. The motion of a particle is defined parametrically by
_ 3 y&)=1¢3+1 . . '
x(1)=1"—-5 and 2 . Find the speed of the particle in
terms of time t.
(A) 2t
(B) 3% +1

(C) V10 +¢
(D) 927 +1
(E) 3ryr® +1

BC 230. What is the magnitude of the acceleration of an object

moving in a plane whose position is defined by r=<ﬂglfﬁ} at
=47

(A) 24

(B) 26

(©) 85
(D) 2143
E) 24145

31. What is the increase in acceleration of a particle whose

velocity function is vr)=t"=2t+1 oyer the interval 0<r<59?
(4) 8
(B) 10
(C) 12
(D) 15
(E) 16

. — . y=lx+d
232. The line =% ~2 {is tangent to the graph of 2

Find the value(s) of a.
A -1

B) -t
16



BC 233. Write an equation for the line(s) tangent to the curve
(et, e ') at the point (1, 1).
(A) 2—x
(B)
(C)
(D)
(E)

|
=

1 T | (R |
™ oW R
I
b

|
™

e e e

=

dy
BC 234. Find dx if x=rtanf and ¥ =rsect
tan B

sec @

dr

rsec@ran @+ sec@——
d0

rseczﬁ—l-tmlﬁd—r

a0
dr | sec@®
') e
S dﬂ{tmlﬂ_}

dr (5&:c9t&ﬂ6‘+1]
A8\ sin® @+ tan O

secﬁ{r-l—ﬁJ
de

(secH +tan9}[£]
do

(D)

(E)

235. A ball is dropped from the roof of a house that is 40 ft
high. The position of the ball can be described by the

equation.fU)=‘46f:+4ﬂ, where t =20 is in seconds. When does
the ball hit the ground?

(A) ﬁ
4
V1o



V1o

(C) +——

2
(D) 10
(E) 2410
236.

236. Using linear approximation, what is the approximate value
of sin 122° ?

(A) 0.826

(B) 0.849

(C) 0.859

(D) 0.866

(E) 0.883
237. The position function of a moving object is s(t)=3t"—¢" +1,
What is the instantaneous velocity of the object at time r=2,
where distance is measured in feet and time in seconds?

(A)
(B)
(C)
(D)
(E)

20 ft/s
21 ft/s
32 ft/s
36 ft/s
40 ft/s

238. Write an equation to the tangent line of flx)=x"+2x—-1 g4
(-1, -4).
(A) y=5x+1
(B) y=-5x-2
(C) py=5x-8
(D) y=5x—4
(F) y=—-5x—1

BC 239. A function is defined parametrically by x{#)=3cost and
dy
Ye)=r'=3"+1 Find dx.

(AJ{}
(B)
(C)

(D)

sing
gt
sinf

=+l

_r&—Z}
sint
(r* —2)

sinf




-6
sint

(E)

¥
240. A function is defined P¥=*"—1 Find the equation of any
horizontal tangent lines to the curve.

(A) y=-2
(B) y=-1
(C) y=1
(D) y=2
(E) y=0,2

241 What is the speed of a particle whose motion is defined by
=2t* =3 and Y(E)==5 yhen r=29?

x(r)
(A) V2
B) 2410
(C) 39
(D) 7
(E) +/89

242. What are the velocity and acceleration of a particle with

position  function () =5t —12¢ +1 at r=2 1if distance is
measured in feet and time in seconds?

(A) v=8ftfs, a=-10 /s’

(B) v=8 fils, =10 fifs’

(C) v=10 fifs, 2=10 fu/s’

(D) v=12 f/s, a=10 ﬁa"si

(E) »=20#t/s, a=12 ft/s”

243. Find the slope of the normal line to the function

T
y=3coslx 4t the point 4,
1
Ay e
(A) 16
B S
(B) 61
(C)
32
(D) -3+2
(E) -6

244. f is a differentiable function and J4) =48 gpq f14}=43.



Using tangent line approximation, what is the approximate
value of f(4.3)°

(A) 49

(B) 50.2

(C) 55.2

(D) 55.5

(E) 151.2

245. The position function of an object in horizontal motion is

) =37 =32 —1. At what time(s) t does its acceleration = 09
(A) r=0

246. A curve is defined by the equation F==I5'4.
(A) Find the slope of the tangent to the curve at point (2,
4).
(B) Find the slope of the normal line at point (2, 4).
(C) Write an equation for the normal line.

247. A projectile is fired straight upward with a velocity of
256 ft/s. Its distance from the ground after being fired is

given by () ==16¢"+256¢, where t is the time in seconds since
the projectile was fired.
(A) Write a velocity function for the projectile.
(B) What is the maximum altitude reached by the projectile?
(C) What is the acceleration at any time t?
(D) At what time does the projectile hit the ground?

BC 248. An object is moving on a path defined by the vector-

valued function 7(#)={(2cost, 2sint)  Find the following functions
m

at time 4,
(A) the velocity vector
(B) the acceleration vector
(C) the tangent vector
(D) the normal vector



B C 249. A curve 1is defined by parametric equations

.ﬂﬂ=r5—2r+land_ﬂﬂ=£l—i
(A) Find an equation for the tangent line corresponding to
r=1.
(B) For what value(s) of t is the tangent line horizontal?
(C) For what value(s) of t is the tangent line vertical?

250. A penny is dropped from a building 150 ft tall. The
position function of the penny is s(#)==16t"+150  ywhere £>0
is in seconds. Find the following:

(A) the instantaneous velocity of the penny at ¢t=1 s
(B) the average velocity for the first 2 s
(C) the time when the penny will hit the ground









951. Evaluate the integral J('—3x"+ Ddx,

5 a3
(A) %—5i+x+ﬂ
x” —6x+
(B) 4x’—6x+C
4 2
X O
Q) —=—tx+{
(C) 45 TRl
D) L —x* +x+C
53
B - %%
5 3

J' 1
Evaluate ¥ x{x+2)
) In|x(x+2)|+C
1 1
) =In|x|—=In|x+2|+C
2 , 2
(C) ———————+C
2x7 (x +2)°

2

—_—t+
) x(x+2}2+

(E) %In |e(x+2)|+ C

| . ;
j—x“sinxﬁdx
253. Evaluate ¥ 2 )

1 T
(A) ——cosx” +C
¥

(B) —lxj cosx° +C
6

(C) %x"sinﬁr_:
(D) %xzsinx3+{?
(E) écosx3+(f,'

1

254. Evaluate ‘[x2+6x+13
(A) In|(x+3)*+4|+C

dx

Integration



N}
(@)
Ol

\)
Ol
(@)

(N}
Ol
-

] +
(B}—m—mn(x 3]+c

2 2
_ 1 1 1
C) - + + +£
s [3.1‘3 12x° lf’)x]

=3
I{]_}:I —(F_‘;] +C
x"+ox+13
(E) J{m{x+3]+c
2 2

Ix3+3x—1n
Evaluate X2

de

A) In |:nr:—2|[%x3 + %x“ —lﬂx]-i-(:'

(B) 2 i

(C) %x2+5x+C
(D) 2x+3)In|x—2|+C

(E) [lx3+£x2—lﬂx][ ! J+C
3 2 x=2

Evaluate J 26tV
[ ) I:"x+11'+(:
(B) ix +1) T
((“-} 4x2 (2x+1] +C
(D) 2™ +C
(E.} i (2x+1) +

Evaluate j3x cos 3ux dbx |

1
(A) xcme—gsir13x+C
1
(B) gxcosfix—'}xsinﬁx-lh(f
1
(C) —xsin3x+C
9

1
(D) xsin3x+ Emsfix +C
(E) 3sin3x+ C



J‘ e
BC 258. Evaluate ® ¥ —5x—6
(&) Llape-f——Infer 1l
7 7
(B) In|x*=5x—6|+C
I
(5) [T DO
?xa 107 161‘
(D) =In|x—=6]—=In|x+1|+C
6 G

(E) %mp+u—%mm+Q+c

BC 259. FEvaluate |e"sinxdx,
(A) —¢" cosx+C
(B) e (sinx+cosx)+C

(C) %EI (cosx —sinx)+C
(D) 2" sinx+C

1
(E) Ef’f(sinx—mﬁx} +C

J‘ 5x° —2x+1

2
X

d
260. Evaluate .

(&) sx-—+-L+C
i
“x’—xT+x
() ST’
=

(C) 5x—2In |x|+l+ C
X

(1) —ixﬂ _Exj—x"]-kx +C
3 3

(E) S5x—2In |x| _%4_ £
X

261. Evaluate I(5 sec x)(2 tan x)dx |
(A) 10secx+C
(B) 10secx+C
(C) =10secx+C
(D) 10tan” x+C
(E) —10tanxsecx+C



262. Evaluate )57 dx.

(A) 5" +C

5.1'
(B) ln(5)+
(C) In(5)5* +C

x4l
D) 2
x+1
(E) 5 +In5+C

+C

&- Evalua‘te 4]“:11] b Sil'l2 x}dx.
(A) 4xln|x|—sin2x+C
(B) 4(xIn|x| —x—cos2x)+C
(C) 4dxln|x|—2x—sin2x+C
(D) 4(xIn|x| +cos2x)+C
(E) 4dx(ln|x|=sin2x-1)+C

264. Evaluate
(A) ——+C
12(x> + 1)1

x?.'r

(H) ﬁ-ﬂf
6> + 1)
(C} _T{-i-(:
12(x"+1)
1
(D) ~———+C
6(x> +1)
1

E) ————+C
B 9(x3+3}5+

sinx — cosx

265. Evaluate -[ COS X

(A) Inlsecx|—x+C
B) - (cosx +sinx) L C

€ - . C
sin x

(D) In|secx|+x+1+C
(E) tanx—x+C

dx

{ COSXP
COS X — 51X
)4

BC 266. Evaluate | 3x sec” x dx.



3
EIE tanx +C

\...-'“—"'H:EF'

3xtanx +C
3xln|secx|—3tanx+C
3xtanx — 3In |secx|+ C

s o i =)

=

Exl tan x — 3In |sec x|+ C

2x+3

267. Evaluatej X

20( ! 1
(A) _{x +3f)+(’

dx

42
(B) —(x*+3x)In |x|+C
(C) 3ln|x|=2x+C
(D) x*+3x+3In|x]+C
(E) 2x+3Injx|+C

268. Evaluate |7°"dx,
?jx
A
(A) 3In7

Loasic
35

g

B

(€) In7

(D) B DT e

3x+1
E® Z

+(C

(B)

+C

—

+L

Fx+1

j dx

BC 269. Evaluate * x”—4.
(A) %ln|x—2|+%ln|x+2|+(f
(B) In|x"—4|+C
(C) iln|x—2|—iln|x+2|+(?

(DJ—%{E—®*+C

[B] afsdtr

L g
270. Evaluate 2 In (4) dx.



271.

272.

273.

i +{
21n(4)

X+l
(B) %{4-*1;[(4)—4 '“4}(;

x+1
(C) 4" In(4)+C
(D) %[4" In(4)— 41+ C

1
E) —4+(
{)2

Evaluate J(x*—sin®x)dx.
(A) %xj—ésinax+f:

1 5 . :
(B) Ex‘{1—51n2x}+t,

(C) ixﬁ{l —cos 2x)+ C

1 5 1 1
(1) Exj —Ex+gsin 2x 40
(E) %x'ﬁ - éx —iCDS 2x+C

[

Fvaluate ° xVx’ —4
(A) 2sin”'|=|+C

1
(B) —sec™ |—|+C

2 2
(C) 2sec |—|+C
(D) 4ln|x|+ 2sec”' |=[+C
(E) 4111|x|+25111"‘% +C

Evaluate Jx(x—3)d,
(A) %(x—a)h%(x—ayhc

(B) éx{x = SR

(©) é{x Il =3P 4 C



tD}éx%x—m4+c
(E) %u—aﬁ+%u~&ﬁ+c

274. Evaluate J3x2e!™ V.
(A) #* Ve
B) & Vyc
(C) 9x%~ " +C
@ & +C
(E) ¢ +C

275. Evaluate 1—x°

1 .
(A) gsin“(xi}m‘
1 .
(B) ngsin"(r“nc
(C) 3xsec (x°)+C
1
(D) Ex sec” (¥ +C

BC 276. Evaluate Jx'e “dx.
(A) e *(2+2x—x2)+C

B) ot
3

(
(C) = *(x*+2x+2)+ C
1oy

i R i

E} 3)4:‘&‘

E) e*(x?-2x-2)+C

977. Evaluate |9"dx,

(A) %93” +C

(B) (3x)9% +C

©) —©™)+C
3x

95x
(D) (3) o

1 1 93.1'
(E) [5] 5 +C

+C




278. Evaluate J\E(x3+1]d

g 3
(A) et —ed
2
7 3

Evaluate |sec’ x dx
In [sec xtan x|* + C

Do
~
o)

)
(B) %ln|secx+rmx|4+c
1
(C) Efsecxt:mx+ln|sacx+tanx|)+
(D)) %ln|3&cx+rm1x|+f

1
(E) E(SEC xtanx)+C

s
280. Evaluate 9+ x .
(A) %xﬁ +an x+C

(B) l.vr:f'-Flt;uf' £ +C
5 6 3

(C) éxﬁ +sin[£]+£’




281. Evaluate [ x(x—5)(x+2)dx
(A) 1x3—§x2—mx+f:
_? 2
(B) Zx“j—axﬁ—mxhﬁ
1 . ,
(C) gxd—xj—ﬁx“+c
(D) —%xzﬂx2+3x+lﬂ}+ﬂ'

i .. 4
(F) Ef(x“—3x—10}+c

siny x

dx
282. Evaluate \E
A Dl
(B) —%C{:SJ;-FC
(©) Leosx o
2 4
(1) —éms x+C
2 il
E) 22X ¢
5
J’3x“ +2x_6¢£r
283. Evaluate % )

(A) In(x’ )[f +%x‘?' —6x]+C

1
C+—x=6
2

B) : C
( 3 *

(C) 3x+ lnx—E+C

X

(1) 3x+lnx+£+(?
X

(E) 3x+£+{f
x

284. Evaluate J2xv1+x"dx.



(A) — o
1+ x°

1) P
3Ja+x7)

() - s ¢

(D) «*y1+x) +C
(E) 3-ﬂ+ﬁf+c

2

Jﬁ3x+5 I
BC 285. Evaluate * x +3x—4

(A) -%x+("

l:x:d‘+—:1c'1+5::c:
(B) f 58

S I (0

3

(©) %mp+Q—%mp—u+c

(D) zln e+ 4|—%ln lx=1+C
Bl

(E) [%xj +%;:r2 + 5x]ln = 3x—4|+C

286. Evaluate 5 Mgk
(A) (5x-1*V 4@

287. Evaluate |21%7dx.

(A) %manmh+c
(B) (3x)21°* +C



21
+
3In(21)

Fax
ol +
3x

1 )
(E] =21«
3

288. Evaluate (e — 1}6635‘.

m)%wu-ﬁ+c

1 7
(B) Ex{x— 1) +C

K gy e
(C) léx{x 1) +C

(D}%hﬁdf+%h—HF+C
1 1 6

gl

i)

(E) ;(-’C =1)’ +F'«:-‘k‘— 1)

989. Evaluate Je"(1—e)dx.
1
{.A} t?.‘c _gf_’)x +C,

B) FHl=¢*)+C
Q) & ~1+C

(
(
(D}%fu—ﬁﬂ+c
(E) ¢ = +C

290. Evaluate “ﬂ{f{rz_xﬂj)ﬁi’f.
A) Il |+ C
1 & F
(B) =at=anfdpd (]
5 >
Q) ¥’ —x+1+C
(D) e 7 nle” | -1]+C
(E) Ff.l" —.'k.’+]}+C

L

[
x +1

291. Evaluate
1

(A) gfmuinpc

B) «‘Inlx’ +1|+C



(C) %m | +1|+C

1 1
(D) —a* T
3. (1)

(E) %x-’*(ﬁ +1)+C

BC 292. Evaluate [sin®x dx .
1 1
(A) Z[X—E$i|1(2x)]+{:
(B) —cosxsin® x — %sin(ﬂx] +C

3x+3?x_351n(2x)+c

4
3x

1
(D) ——cosxsin’ x+——ésinxmsx+ {
4 8 8§

(C) —cosxsin

1 ;
(E) —E[cmxsinj x+3?x + 3sin x cos xj+ ¢

L
293. Evaluate Y 4x

(A) é (lnx)* +C
(B) %ln(xﬁj &
(C) gﬂnx}l FAy

(D) ixln |x|(In|x| -1+ C

(E) %ln I el = 1)+ €

1

| s

294. Evaluate ¢ x"—=0x+13 .
(A) In|x* —6x+13|+C

1
(B) : +C
o —_?;::c2 +13x

1 i
(©) —sin_'(x 3] +C
3 2

3 =
(D) —tan_][x 3]+C
3 3




295. FBvaluate Jesc’ xcotx dx,

1 .
A) —Ecotx+{.
B) —2cscx+C
;s 1 y .
C) ——cot" x+C
2 3l
D) —2¢csc”x+C

; I 5
E) —:cs::‘ xcotx+C

(
(
(
(
(

s

BC 296. The slope of a function f(x) at any point (x, y) is
= St [5, EIHGJ
x"=3x—4. The point 5 is on the graph of f(x).
(A) Write an equation of the tangent line to the graph of
f(x) at x=5.
(B) Use the tangent line in part A to approximate f (4.5)
to the nearest thousandth.

iﬁ:— x=3
(C) Find the antiderivative of @ x*—=3x—4 with the
4

condition " 51n 6.

(D) Use the result of part C to find f (4.5) to the nearest
thousandth.
1

alt)=1+—
297. A particle moves such that its acceleration J?.

The initial conditions are v(0)=2 and s(0)=10
(A) Find an expression for v (t).
(B) Find the position function s(t).

298. A bacteria population is growing at a rate of 200+ 94t - 5¢
, where t is the time given in hours.
(A) The population size, P(t), is the antiderivative of the
rate of growth. Find P(t).
(B) If it is given that the initial population, #(0)=2000
find the constant C from the integration in part A.
(C) Find the population, P(t), after r=4 h.



299. The marginal revenue that a manufacturer receives for
goods, q, 1s given by MR=100-0.5¢q

(A) Find the antiderivative of MR to get a function for the
total revenue.

(B) How many goods must be produced to generate a total
revenue of $500°?

(C) At what point in production will you reach the point of
diminishing return, when revenue begins to decrease?

300. The density o of a 6 m long metal rod of nonuniform
plx) = i\/:
density is given by 2 in units of kg/m and x is given
as the distance along the rod measuring from the left end
(x= 0}
(A) Find m(x), the mass, as the antiderivative of p (x).
(B) What is the mass 1 m from the left end to the nearest
tenth of a kilogram?
(C) What is the total mass of the rod to the nearest tenth
of a kilogram?









Definite

¥
301. Evaluate Einﬂf.
(A) 99
(B) 124
(C) 125
(D) 225
(E) 325

302. Evaluate
(A) -4
(B) 0
(C) 24
(D) 32
(E) 44

i 1

303.

Evaluate
(A) 0.169
(B) 0.334
(C) 0.338
(D) 0.535
(E) 0.835

4

. Evaluate

kg
305. Evaluate LJ
(A) 0
(B) 2ni-xm

™ 3
= 4+ x

Integrals

4
JU i By e

dx

L

16— x?

(x — cos x)dx



l T
G B
(C) 5

(D) 2m2
(E) 4m2

&
— x)de =—12
306. If jﬁ[S e

A) -2
(B) 0
) 2
(D) 12
(E) 15

and £=10, find k.

I N
307. Evaluate Er:]” 5(3+2).

(A) m(n+ 1}[%:&%%1

(B) #(n+1)2n+1)
(C) %nz[n+1]2{2rz+l)
(D) %njl[n+1](2n+l}

(E) #*n+1)(3n+2)

T

308. Evaluate jﬂh Sm[zx)dx.

A -1
(B) 0
©) 1

T
(D) .
(E) m

L6 14 15,3,



6
122 — 4| dbe
310. Evaluate Jo X

(A) 12
(B) 20
(C) 24
(D) 36
(E) 60

n .
S X

F
311. Evaluate Y0 cosx+1
(A) 0
(B) -0.693
(C) 0.693
(D) 0. 500

(E) 1.693

0
BC 312. Evaluate J—J fir.

a) -1

(B) 0

) 1

(D) e

(E) Integral is divergent.

313. Find k if J_ﬁzx'?’:"i""m and k> 1.
(A) 1
(B)
(C)
(D)

(E)

O1 =~ W DO

dy = xlid
2 ¥ t
314. Find d¢ if L Jr

A) 242(x—1)
B) 22(x—+/x)
1

(C) 2——=

Jx



2

15. Evaluate -[-z

(A) 1-—

(x> = 2x+1) dx

6 4
316. Evaluate the sum ZJ:UE {"I_U.
(A) 240
(B) 280
(C) 328
(D) 350
(E) 455

&
Rigrad
317. Evaluate ju s xafr.

a) -Z

(B)

S 0
o

=
N|§M|Ha|ao

1

J.]xix-l—l}gdx

318. Evaluate Jo X
(A) -0.591

(B) -0.321

(C) 0.231

(D) 0.321



(E) 0.591

i)
x> — 9| dx
319. Evaluate j4|T ) .

(A) 27
(B) 54
(C) 90
(D) 108
(E) 180

i

320. Evaluate L Jg-
(A) Z2ele—1)
(B) 2(e* =1)
(C) 2(e* +1)
(D) 2ele+1)
(E) 2e2

dx

In 3

321. Evaluate an
(A) 0
(B) 0.5
(C) 0.707
(D) 0. 864

(E) 1.672

2
xe" dx

3
|4x — 2| dx
Evaluate Jo .

(A) 9
(B) 12
(C) 13
(D) 15
(E) 18

w
\)
N

n

- 7 2

J Jtan” xsec” x dx

Evaluate Jo

(A) 0
J3
(B) 1

© 3

[}
\)
[N}



1
j105’“dx
326. Evaluate Jo .
(A) 136.90
(B) 144. 62
(C) 144.90
(D) 152.22
(E) 160. 80

1

| o
327. Evaluate Y¢ xlnx
(4) 0
(B) e
€ 1
(D) e2 - e

(E) 1In 2



dy

398. Find ¢ if * j Ehide
2

2

(A) x cos x
(B) x sin x
(C) 2x cos x?
(D) 2x sin x?
(E) x cos (2x)

Tx+1

329. Evaluate % vx
1
A) 9-—
(A) 31
B) 13—
(B) 5

2
(C) 14—
! 3

1
D) 15-
(D) p

: 1
(B} &5=
3

dx

o 1
330. Evaluate I-*1+x2
(A) T oo

T
(B) =

(C) 0
(D) m
(E) oo

dx

f(x}=J; tan” ¢ dt f’[EJ
331. If 3 , find 6/ to the nearest thousandth.
(A) -0.4823
(B) 0.4823
(C) 0.5236
(D) 0.5774

(E) 1.486

W 5
-3 2l
32. Evaluate J_ﬁx ) .



1
Al —13—
(A) 5
(B) -12

2
C) -10=
() :

-
D) 1=
(D) .

2
E) 10—
(E) 3

= 1
333. Evaluate '[U x° =3x+2
(A) T oo
(B) -1n 2
(€) 0
(D) 1n 2
(E) oo

334. Evaluate '[D\“—IG

(B) o
iy x
(D)

b2 [ R [Ae [N

{.{j,.f J;:-[Lt:xx(l_lr]d&
335. Find dx if sin 2 .

(A) sin x cos x - sin X - cos X

(B) 2 sin x cos X

(C) 2 - sin x cos X

(D) sin x cos x

(E) cos x - sin x - sin X cos x
n
;L‘;L x cot x dx

336. Evaluate &

(A) %—«/5



T

’ 2x)dx
339. If f(x)=¢g(x) express v[n £(2x) in terms of f(x).

&) fem- f0)
(B) % Fon)

(C) 2f(m)— f(0)
D) SLf(@m)- Fo)
(B) Afem-FO)



In3 fx

340. Evaluate J-'"i" e’ +4
(A) ]ﬂ2
i

5
(B) ]n?
(C) In 2

] 3
[ 4

(D) - —
e +4 +4
(B} e

dx

AJsin x cosx dx

J%
341. Evaluate Jo
23

3

342. If G(x) is the antiderivative of In(x) and G(1)=0  find
G(2).

(A) 1n 2
(B) 2 1In 2
(C) 21In2 -1
M) 2(In 2 - 1)
(E) 21n2+1
i
2ox s
343. Evaluate In ¢ B
1
_A e
(A) 5
(B) l( §+1)
2 [



J‘H'J 1
44. Bvaluate *¢ x*—3x—10,

(A Ll

7 196

(B) llnH

7 | &

© 1,15

7 2

(D) Elnm

3

(E) EIn =

10

Ll |
|
BC 345. Evaluate ¥ x .

(A) 0
1
B FFr
(B) ?
C sl
(C) -
(D) 1
(E) oo

346. The marginal cost of producing x units of an item is
1

C {x}—4x—2.
(A) Find an expression for C(x), assuming the cost of
producing 0 units is $2, such that C(0)=2
(B) Find the value of x such that the average cost is a
minimum.

(C) Find the cost function C(x) for producing 40 units.

347. There is an area A bounded by the curve fIx}=xl and the
X—axis.
(A) Use a Riemann sum to find area A on the interval from
x¥=10 to x=4, using 4 subdivisions of equal length.



r

(B) Find the area A on the interval from x=0 to x=4 using
8 subdivisions of equal length.

(C) Now find area A by integrating f(x) over the interval
0, 4).

348. A virus population is growing at a rate of

P'(#)=10¢ =2t +100 organisms per hour every t hours.
(A) If the initial population, P(0), is 500, what is the
population after t hours?
(B) What is the increase in population after 3 h, rounded
to the nearest whole number?
(C) What is the average increase in population per hour
over the first 12 h?

349. A particle begins accelerating from a point 100 units

along the x—axis and an initial velocity of #0)=50 The

acceleration is given by ﬂ“}=15J;.
(A) Find the equation of motion of the particle.
(B) Find the position function of the particle.
(C) What is the change in velocity between time #=0 and
=59
(D) What is the change in position from #=0 to #=5?

350. A pillar is 35 ft tall. The density of the pillar is given
1

plx)=
by 3Wx+1, where x is the distance from the ground (x=0)

in feet and the mass is measured in tons. Assume that the
volume is constant over the length of the pillar.
(A) What is the total mass of the pillar rounded to the
nearest ton?
(B) For what value of height, h, does the interval [0, h]
contain half the total mass of the pillar?
(C) What is the mass of the uppermost 5 ft of the pillar,
rounded to the nearest hundredth?









Areas and Volumes

351. If you were to use 3 midpoint rectangles of equal length

to approximate the area under the curve of S =x"+2 frop
x=0 to x=3, how close would the approximation be to the
exact area under the curve?

@ L

{
H o,
(B) ?
© L

3
D) 3
(D) a;
(E) g

352. Find the exact area of the region bounded by the graph of
ﬂx)zi“i"x, gx)=cosx  and the lines x=0 to x=7/2.

@A) 2

(B) 2(\3+2)
) 1

(D) v2-2
B 262-1)

53. Find the exact area under the curve JS&¥)=tanx fron x=0

X=——
to 3.

1
(A) l—]n[g]

(B) 1+£

€) 1
(D) 1n 2

E) 243

354. Solve for £=1 when the area underneath the graph of
Inx

Y=—" .
x from x=1 to x=46 is exactly 2.

(A) e?



(B)
(€)

(D)
(E)

395.

e

[

™
I
]

~
+ ™
i

1

™
I

Find the area of the region bounded by the graphs

flx)=x and g{x}:fixz—zx shown below.

8

— ()
-= g0

396.

lines
(A)

Find the area of the region

X

T2 x=0

b

w=T

)

12

bounded by.yzf_x+2, and

of

the



357. Find the area of the region below the graph of » = 2sin(x)
and above the line =1 from x=0, and x=27,

@ 1

®) 5

© g

o) 3-%
(E) 2[%—%}

B C 358. Find the area under the curve flx)=2xInx 4y the
interval [1, e].

W €D

(B) %{ﬁ’z +1)

(C) £4q
2 X
(D) 2+¢°

(E) 1+¢°

359. Find the area under the curve J=¢s (x) frop
x=—nl6tox=nl6,

W E_B

12 24
@ TV
4] 4

) WEde
6

. T 3
(D) 6-+ -
) ~ ¥3
12~ 24

360. Find the area of the region bounded by fo]=23”i y=3
and x=4.

)

(A) &' )

In(2)



(C) 2¢“-3

(1) 4¢*E+Gln[%]—18
_ secx +esex

(B) ¢ —|-lln[i)—2
2 2 2
(%)=

361. Find the area under the curve of l+tanx  from
x=nrl6 to x=ml3,
(A) 1.213
(B) 0.657
(C) 0.768
(D) 0.426

(E) 0.866

362. Find the area of the region bounded by the curves

2.
f)=In(x) anq &x)=3=2In(x)  and the line x=¢".
(A) 3e

(B) 9e
(C) —2-—3¢
(D) Fe—1

2
£

(E) 1

363. Find the area of the region properly contained with
O0<x=m and bounded by the curves J’=C‘}5[I), y=c05{2x), and the
y—axis.

343
w 22
(B) /3

©) 1
32

(D) &

(E) 2

364. Let flx)=x"+1 Lot A represent the area under y=fx

from x=0 to x=a>0, B represent the area under y=f) from
x=0 to ¥=24, and suppose 34=£8, Solve for a.



[

(A) \/:

(B) \P

5
3

L, B LSV ST

(C) {7
(D) 2
Js

(E) No solutions.

P

365. Let x. Let A represent the area under 7=1) from

x=1 to x=a>0, B represent the area under Y=/ from x=1

to x=#, and suppose 24A=8. Write b in terms of a.

(A) b=2a
(B) b=d
(C) b=4a
() b=

4
: i
(E) & o

366. Find the area of the region bounded from below by the line
2

_ ) x2+L=1
7=1 and from above by the ellipse 4
w T2
o
2T 3
_+_
(B) 3 ﬁ
T 3
G AR ND
© 6 2
w3
Y e
3 2
T 2
_+_
(E) e 5

367. If 3’(3“):){‘(3‘), which of the following represents the area

under the curve 7 =x () from x=0 to x=39?
(A) 2[g(3)— g(0)]



(B) %[g{?ﬂ ~ (0)]
© 2AfO)-fON
%[3{9}— z(0)]

(E) —[f(9)- fF(0)]

[

368. (Use a calculator for this problem.) Find the area
(rounded to three decimal places) of the region bounded by
the curves f{ﬂ:ﬁ—l, gx) =cosx  gnd the y-axis.

(A) 0.195
(B) 0.449
) 1

(D) 0.274
(E) 0.343

BC 369. Find the area underneath the curve defined by the
parametric equations x=t+¢ and .J’=1+"r, when 0=t=In2,

A ]112+i
(A) 5

3
(B) 2+ 111(5]

-
C) In2—-—
(C) 5

3
(I 2= 111[5]

1
E) In2——
(E) In 5

BC 370. Find the area of the region located in the second
quadrant and bounded by the y—axis and the curve defined by
the parametric equations x=#2+4¢r and Y=21,

) =6
32
B =2
3
e 52
i
13, 24
)



F) 22
3

BC 371. Find the area of the region that lies inside the polar

1
curver = cos 20 and outside the circle r_-l when
—n/4<0<m/4.,

W E8
16 24
® Z+8
6 12
(©) x 3
24 16
x 3
D) 16 24
.
24 16

BC 372. Find the area of the region located in the first and

fourth quadrants and bounded by the polar curve #=3+2sinf,
(A) 3m

117

(B) 1%
T
(}2
2n
3
S
3

(D)

(E)

373. Consider a solid S whose base is the region enclosed by
the curve ¥*=7 and the line x=3, and whose parallel cross
sections perpendicular to the x—axis are squares. Find the
volume of S.

(A) 6
B) 9
(C) 18
(D) 27
(E) 54

74. Let S be a solid having as base the region in the first



quadrant enclosed by the curve *=3 and the line Fldm
Suppose further that parallel cross—sections of S
perpendicular to the x—axis are rectangles having as base the
vertical line connecting the graphs, and having height twice
the base. Find the volume of S.

(A) 0.6

(B) 0.7

(C) 1.3

(D) 1.2

(E) 1.5

75. Consider a solid whose base is the region bounded by the

curve y=log,(x) and the lines »=~! and x=2. If parallel
cross—sections perpendicular to the y—axis are regular
triangles, what is the volume of the solid?

(A) 1.212

(B) 0.658

(C) 0.887

(D) 0.713

(E) 0.556

BC 376. Find the volume generated by revolving about the x-—
axis the region in the first quadrant bounded by the graph of

y=Inx and the line x=e.
(A) m(1-=1In2)
(B) 2m(3—e)
(C) m(ln3-1)
(D) m(3—¢)
(E) mle—2)

77. Let D represent the region bounded by the unit circle

centered at the origin. Find the volume of the solid obtained
by revolving D about the line x=2.

(A) %’rﬂi;ﬁ
B Zin
3
4
(C) m|—=++2
3 )

B




378. Find the volume of the solid obtained by revolving about

the line Y=! the region bounded by the curves y = tan x and
y = - tan x, the y-axis, and the line x=m/4.

(A) n{1+g—ln4]

(B) En(l—EHnZ]

(©) zn[1—g+1n4]

4
(E) 4ﬁ(l—£+ln(£]]
4 4

379. Let f(x)=secx it —w/2<x<m2 Fipnd the volume of the solid

obtained by rotating about the x—axis the region lying above

the curve Y=/ and below the line /=2,

27
(A) 4n e 3

rz %
(B) 4m ?th?:

(C) 2m ? 3

o) 22| E+\3

(E) [— + £\1

> Ry

380. What is the volume of the solid generated by rotating

about Y=~1 the region in the first quadrant bounded by the

_a_ ¥
curves Y=3 =X and =

iy <
3



(B) @ %—:fclnéi]

© Lln:a]
2

D) « ﬂ-z_unz]
. 3
(E) 3m

381. If a solid S has as base a triangular region with vertices
(0, 0), (3, 0), and (0, 1), and parallel cross—sections
perpendicular to the x—axis are squares, what is the volume
of S?

(A) —
(B) 7
(5]

382. Let a=0, and consider the solid S obtained by revolving
about the y—axis the region bounded by the curve ¥=#%, the x—
axis, and the line x=a. If the volume of S is known to be
18 m, find a.

(A) 1
3
(B) E
C) 2
D) 2
2

(E) 3

383. Find the volume of the solid obtained by rotating the
region bounded by a right triangle with vertices at the
origin, (6, 0), and (6, 3).

(A) 9m
(B) 18m
(C) 27m
(D) 36m
(E) 54m



BC 384. Find the area of the surface generated by revolving
about the x—axis the curve defined by the parametric
equations x=2sint and Y=sin(28 yhen 0<r<m/2,

(A) =
(B) 2m
(C) 4m
(D) 6=
(E) 8m

BC 385. Find the area of the surface obtained by rotating
about the x—axis the curve defined by the parametric
equations x=t"+1 and /=7, when 0<¢<1.

A) (1-+/5)
r'l_

T
. 8\ V5 )
() E'f1+\/{;1
4\ 5 )
) Z1-+5)

BC 386. Find the surface area generated by rotating about the
x—axis the curve defined by the parametric equations x=4e"?
and Y=¢ —4 yhen 0<r<1,

(A) 7(e’ —16)
(B) me(e+8)
(C) 2m(e’ — Ge+14)
(D) 7le* +14e—16)
(E) mle® —4e+11)

BC 387. Find the length of the polar curve r=¢?  when 0<6<2x

(A) 2[3”—2:‘:}
(B) (77 —1)

©) 3" -27)
(D) V2(e -1)
(B) 2(e +1)



BC 388. Find the length to the polar curve r=sin@—-cosf when
D<=,
(A) m—1
(B) N
(C) 2m
D) 2271
(E) 4m

B C 389. The curve defined by the parametric equations
x=cost+tsing and Y =smE—ficost. when 0<r=<a& is known to have

length 272, Find a.

A 3
(A) 4
B =
2
(C) 2m
(D) 4m
(E) =
i
390. Let f{fj=f4+2fj_3, and consider the function

f‘"(x;l = Jj} f(f) dr

local minimum?
a) 1
B) -1
©) +3
(D) +1

(E) 1and -VG

391. Find the approximate area under the curve =€ from x=0

to ¥x=In8 using 3 trapezoids.
17 In3

What are the x—value(s) for which F(x) has a

3
191In 2
2z
21ln 2

2
11In 3

3
14In 6

3




BC 392. The acceleration of a particle moving in a plane is a
vector function of time given by ﬂ{f}'={5’r25iﬂ{ml6”}. If it is
located at the origin O0=(0, 0) when t=0 and ‘*/ when r=2
(where 1=(L 0) and /=0 1) denote the standard unit vectors

in two dimensions), find a formula for the position function
s(t), at any time t.

(1 3 T

A) se)=|==sin(me) |-i+| " == | ]
(A) s(z) 2 sin( )jg ) j
(B) s(¢)=sin(me)-i—1
g Ly - rj 7] .
(C) s(e)=|—+sin{me) |-i—| 7 +—| ]
. ¥, L 2_},

(D) s()=—sin(me)-i+£ - j
(E) s(r)=(—sin(ze))-i+ (s> =7)-j

from t=0 to r= /4.

(A) ]nl—L

92
B) Inl5-2]
(©) Inl2Z+1|
(D) Inl2-+2
® hj3-1

BC 393. Find the length of the vector curve r(¢) =(In|sect |, #)

BC 394. Consider the vector curve ?‘(f}=<f’, Jgf”) from t=0 to

t=+k. If the length of the curve is known to be 8, solve for
k.

(A) k=ln2

(B) k=2

(C) k=ln3

(D) k=3

(E) £=In>5

=xl,‘—1+1,‘+1d
395,  1r W L(ngi(: JHlog, (1) dr o 1 all x—values at

which the line tangent to the graph of »=¢) {s horizontal.

A) V2
B) 3

(C) 2
(D) 3



(E) 4

Free Response Problems

g0=[ f@d

396. Le , and consider the graph of f shown
below.
10+
: (5, 6)
5‘{
‘||||1L|||é||||:I3||JqI-JlJléllllé
(3,-2)
sz (2, —4)

The graph of y = f{x)
(A) Evaluate g(0), g(2), and g(6).
(B) On what interval(s) is g increasing (if any)?
(C) At what value(s) of t does g have a minimum value?
(D) On what interval(s) is g concave down?

397. Consider the two regions, R; and Ry, shown in the figure.
(a® a)

The rectangular region [0, &°] x [0, a] cut in two by
the graph of y=x.

(A) Is there a value of a > 0 which makes R; and R, have
equal area? Justify your response.



(B) If the 1line x =b divides the region R; into two
regions of equal area, express b in terms of a.

(C) Express in terms of a the volume of the solid obtained
by revolving the region R; about the y-axis.

(D) If R, is the base of a solid whose cross—sections

perpendicular to the y—axis are squares, find the
volume of the solid in terms of a.

398. Consider a triangle in the xy—plane with vertices at
A=(0,1), B=1(2,3) and €=0,1), Let R denote the region that
is bounded by the triangle shown in the figure.

o

(2, 3)

(%)

%]
SIS N I N SN N DN I N N B |

1 2 3 *lTrF

'Wemgmﬂmmﬁmﬂwmegmmmmyze“+2mﬁy=—%.

(A) Find the volume of the solid obtained by rotating R
about the x—axis.

(B) Find the volume of the solid obtained by rotating R
about the y—axis.

(C) Find the volume of the solid having R as its base while
cross—sections perpendicular to the x—axis are squares.

399. Consider the region R in the first quadrant under the
graph of vy = cos x from x = 0 to x = m /2.

(A) Find the area of R.

(B) What is the volume of the solid obtained by rotating R
about the x—axis?

(C) Suppose R is the surface of a concrete slab. If the
depth of the concrete at x, where x is given in feet,
is dlx)=sinx+1  find the volume (in cubic feet) of the
concrete slab.



B

C 400. Consider the curve defined parametrically by
x=sinf—cost and y = sin t + cos t.
(A) Find the length of the curve from m/4<:<m/2.
(B) Find the area bounded underneath the curve from
nla<t<nml2,
(C) Find the area of the surface generated by revolving

about the x—axis the parametric curve defined from
nld<t<mi2.










More Applications of Definite

Integrals

401. The graph of f is shown below. Find the average value of f

on the interval [ -1, 6].

The velocity of a particle moving on a line is given by

402.
Find the average velocity from

the equation v(t) =2t - 14t -5,
t=1 to t=3,

5
(A) =

3
(B) 5
o T
4
HJ}-j;

73
3

403. What is the average value
o E}
?

y = 3sin(2x) — 3 cos(2x) on the interval |: 276

(E)

of the function



9 273

(A) —+
2T 4m
or 2743
(B) ————
4 4
27 O3
(C) —————
4m  Am
: O E?Jg
(D) ————
8 4

E) 9m+273

404. The graph of the acceleration function of a moving
particle is shown below. On what intervals in [0, 20] does
the particle have a positive change in velocity, and what is
the total change in velocity of the particle?

10

(A) [5,15] and —% m/s

(B) [5315]and-%; m/s

(C) [0, 10] and 1 m/s
(D) [0, 10] and % m/s

(E) [0, 10] and -5 m/s

405. The velocity of a particle moving along the number line is

1,
. vit)= F’cos[—r‘ - 1] forz=0 o
given by 7 At r=1 the position of the

particle is 10. Using your calculator, find the position of
the particle when the velocity of the particle is equal to 0
for the first time.

(A) 1.635

(B) 3.14

(C) 15.129



(D) 11.635
(E) 5.129

06. A particle is moving along a straight line, and its

acceleration is shown below. Assuming the particle started at
rest, calculate the speed of the particle after 3 s.

o

'3/5 10
5

(A) -3 m/s
(B) imr’s

2
(C) 0 m/s
(1) %mr’s

(E) 3 m/s

407. The graph of the velocity function of a moving car is
shown below. In the interval [0, 15], calculate
(total distance of the car) - (total displacement of the

car)

10 +
| | /l . I




408. The velocity function of a moving particle on a coordinate
line is given by #lt)=t"—t=2 for 0<¢<6. Find (total

distance traveled) - (total displacement) for this time
period.

R
(A) Lﬂm

(B) ——m

(C) 0 m
(D) 46.5 m
(E) 3 m

409. The velocity function of a moving particle along a
coordinate line is given by v(t)=t" =3t =2t +4  where velocity
is given in meters per second. Using a calculator, for 0 < t
< 5 find

(total displacement) - (total distance traveled)
(A) -12.5m
(B) 12.5 m
(C) 0 m
(D) 15 m
(E) 32 m

410. The acceleration function of a moving particle on a
coordinate line is @l)=-3 with =9 for 0 < t < 7, where

~

acceleration is caluclated in m/s?. Find the total distance
traveled by the particle.

(A)()ég

B) —— m

i{il —é m

(D) ﬂzm
2

(E) ?TS m

411. The velocity function of a moving particle on a coordinate
line is v(t)=2sin(3¢) for —w<¢r<m. Using a calculator, find the

total distance traveled when the particle is moving to the
right.

(A) -4
(B) 4
C) =



412. The marginal profit of manufacturing and selling a flu
vaccine 1is given by qu):‘ﬂﬂn‘4lﬂ4x, where x is the number
of units of vaccine sold. How much profit should the company
expect if it sells 20,000 units of this vaccine?

(A) 12,000, 000
(B) 1,200, 000
(C) 120,000
(D) 12,000

(E) 1200

413. The marginal cost of producing x units of sneakers is
C'(x)=5+0.4x_ Find the cost of producing the first 100 pairs
of sneakers.

(A) 2500
(B) 25,000
(C) 250
(D) 80

(E) 0

414. Graphs of the marginal cost and marginal revenue are shown
below. Estimate the profit for the first 50 units.



1000 +

Marginal revenue

50
50 -
Marginal cost

0 i
(A) 0
(B) - 26, 250
(C) -23,750
(D) 23, 750
(E) 26, 250

415. The temperature of a hot penny is dropping at the rate of

ge)=15"" ¢ ¢ <t < 5, where g(t) 1is measured in
Fahrenheit and t in minutes. If the penny 1is initially
150° F, wuse your calculator to find the temperature of the
penny to the nearest degree after 4 min.

(A) 75° F

(B) 100° F

(C) 102° F

(D) 47° F421

(E) 197° F

416. On June 24, 2011 the changes in temperature of Des
Plaines, IL, from 6 a.m. to 10 p.m. are represented by

f&}=3um(;]
3/ degrees Fahrenheit, where t is number of hours
elapsed after 6 a.m. Using your calculator, if at 6 a.m. the



temperature is 75° F, find the temperature at 1 p.m.
(A) 68.49
(B) 81.51
(C) 6.51
(D) 75
(E) 87.95

417. An approximation of the rate of change in air temperature
at 0’ Hare Airport in Chicago is recorded through the day and
shown below. If the air temperature is observed to be 60° F
at 5 a.m., what number best approximates the temperature at 8
a.m. ? The y—xais is measured in Fahrenheit.

F.

8 9 10 1112pm

(A) 62
(B) 62.5
(C) 58.5
(D) 60
(E) 59

418. 0il is leaking from a car at a rate of',f&)=lzfﬂﬁj oz/h,
where t is measured in hours. Using your calculator, how many
ounces will have leaked from the car after a 12-h period?

(A) 98.567

(B) 75.67

(C) 29.7531

(D) 12.34

(E) 4.98

419. Water is leaking from a tank at a rate of f(t). The graph



of f(t) is shown below. Which of the following is the best
approximation of the total amount of water leaked from the
tank for 5 < t < 159

50 -
40 -
3[:] —_—
20 1

10 4

0 15
(A) 150

(B) 375

€) 3

(D) - 150

(E) 785

420. A full water tank begins to leak. The rate of leaking

water can be approximated by fiﬂl‘?fﬁl“4'58“”h, where t 1is
measured in hours. After 12 h, the tank is half empty. Using
your calculator, how much water did the full tank contain
before it started leaking?

(A) 217.833

(B) 108.916

(C) 54.458

(D) 300

(E) 17

421. Between the months of February and July, sales of BBQs at
Texas Depot increase at a rate which can be approximated by

F)=30+20In(1+7)  yhere t is measured in weeks. Texas Depot
sold no BBQs in January. Using your calculator, how many BBQs
will Texas Depot sell by the end of the 7th week?

(A) 1123

(B) 600

(C) 100

(D) 403

(E) 75



22. A colony of bacteria is growing at a rate which can be

approximated by fwﬂ==fﬂﬂ'*2591ﬂ{3*'ﬂ, where t is in hours. How
much will the bacteria population increase between the 6th
and 8th hour?

(A) 200

(B) 65

(C) 2467

(D) 945

(E) 1350

423. The rate of hybrid car production in America between 2001
and 2011 is shown below. Which number best approximates how
much production increased between 2008 and 20117

95,000

65,000 -

35,000 +
25,000 +

Mumber of cars

10,000 +
I i I i I ! i I i !
2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011
Years

(A) 30, 000
(B) 65, 000
(C) 240, 000
(D) 95, 000
(E) 285, 000

424. The price of stock in Abercrombie and Fitch on Febrary

4th, 2011 from 9 a.m. to 3 p.m 1is approximated by the
2

=L 42
function 4 , where t = number of hours after 9 a.m.,

when the stock exchange opens. Is there a time during the day
when the value of the stock is equal to its average value for

the entire day? If yes, at what time?
(A) 12:28 p.m.



(B) 1:34 p.m.
(C) 12:47 p.m.
(D) 11:52 a.m.
(E) At no time during the day

425. Given flx)=+2x-3 verify the hypothesis of the mean value
theorem for f on [2, 8] and find the value of c¢c as indicated
in the theorem.

A) ~ -1.7
(B) =~ 2.3
(C) =~ 4.75
(D) =~ 10
(E) =~ 25

426. Plutonium has a half-life of 8645 vyears. Using your

calculator, if there are initially 20 g of plutonium, how
many grams are left after 1000 years?

(A) ~ 45
(B) =~ 18
(C) ~ 35
(D) =~ 15
(E) ~ 12

427. The amount of bacteria in a petri dish increases at a rate
proportional to the amount of bacteria present. An initial
amount of bacteria is placed in the dish, and shortly after
they begin to multiply. Using your calculator, if there are
200 bacteria after one day in the dish, and 600 bacteria
after the 3 days in the dish, how many bacteria are in the
petri dish after the 7 days?

(A) 5400
(B) 400
(C) 54

(D) 500
(E) 540

428. The temperature of your coffee decreases according to the
dy ’
. . — &) ) . . .
equation with t measured in minutes. If after 5 min
the temperature decreases by 70% then k = ?



In (3)
&) 5In(10)

&
In| —

l:i

© In (3) —Sln (10)

(D) Both B and C
(E) Both A and B

429. The rate of growth of the wolf population in Yosemite
National Park is proportional to the population. The wolf
population increased by 11% between 2002 and 2011. What 1is
the constant of proportionality?

(A) 3.6
(B) 0.2
(C) 11.985
(D) 0.0116
(E) -1.2

30. Write an equation for the curve that passes through the
4xy

point (2, 11) and whose slope is 2x°+3.
(A) y=—(2x"+3)
(B) y=(2x"+3)
(C) y=(3x"+2)
(D) 3" =(2x* +3)
(E) 3% =(2x% +3)°

£=—x cos (x%) )
431. If dx and »=2 when x=0, then a solution to

the differential equation is:

(A) y= —% sin{x”)

B) y= —% (cos(x))* +2
(C) y= -% (sin(x))* +2
(D) = —% ct:-s(xg) +2

(E) »= —% sin(x)+2



_='5 fl
432. If dx % and =1 when x=1, then determine y when
x=-1%
4) 1
B -1
1
Cy —
(C) 31
Dy =
(D) 3
(E) 0
2
51"_3:41__5 ,
433. If dx” and when x=0, ¥Y=3 andy = 4, find a

solution of the differential equation.
A y=5x —%x 34

(B) yp= 2x—ﬁx+5
35 2 .
(C) y==x"—=x"+3x+4
2 3]
(D) y-ﬁx —10x> +3x+4
() y=(4x-5)

434. The figure below shows a slope field for one of the
differential equations given below. Identify the equation.

{4 4
AL

435. The figure below shows a slope field for one of the
differential equations given below. Identify the equation.
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436. What family of functions has a slope field given by the
dy  x

differential equation de  yo
(A) lines
(B) ellipses
(C) hyperbolas
(D) circles
(E) parabolas

identify the slope field.

_ b

L N NN
—— T T

Figure 1



1/ y r—
L T
224
PN
Figure 2
\\#\\
N N o T
¥
M 7

Figure 3
(A) Figure 1
(B) Figure 2

(C) Figure 3
(D) all of the above

(E) none of the above

438. The rabbit population of a particular warren in Cook
County Forest Preserve was 17 rabbits in 2001 and 35 rabbits
in 2008. Find a logistic model for the growth of the
population, assuming a carrying capacity of 75 rabbits. Use
the model to predict the population in 2013.

(A) 69
(B) 75
(C) 38
(D) 57
(E) 157

439. The spread of Asian Beetles through a grove of 60 trees is
modeled by

L ywf1-2]
60

On day zero, one tree is infected. Find the logistic model for
the population of infected trees at time t, and use it to
predict when half the trees will be infected.



(A) 2 days
(B) 4 days
(C) 6 days
(D) 8 days
(E) 10 days

440. John Hersey High School, which has 1532 students, 1is
circulating a rumor that 3rd period on Friday will be
canceled for a fire drill. On Monday, 7 people have heard the
rumor. On Tuesday, 84 people have heard the rumor. How many
people will have heard the rumor by Thursday?

(A) 1384 students
(B) 1178 students
(C) 785 students
(D) 598 students

(E) 345 students

441. A college dorm that houses 300 students experiences an
outbreak of measles. The Health Center recognizes the
outbreak when 4 students are diagnosed on the same day.
Residents are quarantined to restrict this infection to one
building. After 7 days, 17 students are sick with measles.
Use a logistic model to describe the course of the infection
and predict the number of students infected after 14 days.

(A) 34 students
(B) 44 students
(C) 54 students
(D) 64 students

(E) 74 students

) i = 2 sin(47¢) — . ‘ _
42. Given and Y(1)=2 aprroximate v(3) using five

steps.
(A) 8
(B) -17
) -2
(D) 17
(E) 2

443. Use Euler’ s method and a step size of Ax=0.2 to compute
y(1) if y(x) is the solution of the differential equation



ﬁ-i— -ﬂi.x'ay = 2%°
-

=2

with initial condition MO
(A) 4.8
(B) 1.19
(C) -12.45
(D) 5.67
(E) -2.4

444. Approximate P(4) given

ﬁ — —.E’P(I — Ej
dt 5

with initial condition (2)=3, Use three steps.
(A) 4.4
(B) 9.6
(C) 27.2
(D) -5.4
(E) 1.2

445. The velocity of a ball thrown from a 50-ft cliff is shown
below. Use Fuler’ s method to approximate the distance the
ball is from the ground after 2 s. Use a step size of 0.5.
(Graph is not drawn to scale.)

(A) 71 ft
(B) 25 ft
(C) 38.5 ft
(D) 5.9 ft
(E) 17 ft



446. The change in temperature of a greenhouse from 7 p.m. to 7

a.m. 1is given by the function:

f&)=—3ﬂn(%]

where f(t) is measured in Fahrenheit and t is the number of
hours after 7 p.m.

(A) If at 7 p.m. the temperature is 105° F, find the
temperature of the greenhouse at 2 a.m.

(B) Write an expression to represent the temperature of the
greenhouse at time t, where t is between 7 p.m. and 7
a. m.

(C) Find the average change in temperature of the
greenhouse between 7 p.m. and 7 a.m. to the nearest
10th of a degree.

(D) Is there a point during the night when the change in
temperature of the greenhouse is the average change in
temperature? If yes, state the time. Either way, show
all work to justify your answer.

dy _4xy
447. Consider the differential equation given by dx 5 .

____(A) On the axis provided below, sketch a slope field for
the given differential equation at the points

indicated.
0 0 4 0 0
0 1] -+ 0 0
0 0 -+ 0 0

(B) Let y = f(x) be the particular solution to the given
differential equation with initial condition J/(0)=5,
Use Euler’ s method and a step size of 0.1 to
approximate f (0.3). Show the work that leads to your
answer.

(C) Find the particular solution y = f(x) to the given
differential equation with initial condition flo)=2,

(D) Use your solution above to find f (0.3).



448. This problem is solved without a calculator. The slope of
2y
a function f at any given point (x, y) is 3x’. The point (3,
4) is on the graph of f.
(A) Write an equation of the tangent line to the graph of f
at x = 3.
(B) Use the tangent line in part (A) to approximate f (5).
& _ 2
(C) Solve the seperable differential equation de  3x° with
initial condition f3)=4,
(D) Use the solution in part (C) to find f (5).

49. A water barrel containing 200 gal of water is punctured
=

and begins to leak at a rate of 15 sin “3U) gal/min, where t

is measured in minutes and 0 < t << 15.

(A) How much water to the nearest gallon leaked out after

t=7 min?
(B) What 1is the average amount of water leaked out per
minute from =0 to =7 to the nearest gallon?

(C) Write an expression for f(t) to represent the total

amount of water in the barrel at time t, where 0 < t
< 15.

(D) At what value of t to the nearest minute will there be
50 gal of water remaining in the barrel?

50. A butterfly population is modeled by a function P that
satisfies the logistic differential equation:

ﬁzlp[l_ﬁ}
dr 7 21

(A) If P0)=15 what is lim,___ P(t)?

(B) For what value of P is the population growing fastest?
(C) A different population is modeled by the function Q
that satisfies the separable differential equation:

4 _1 _L)
dr_?Q(l 21



Find Q(t) if QO)=10,
(D) For the function found in part (C), what is lim,_

Q(t)?









Series (for Calculus BC
Students Only)

451. Which of the following statements concerning the sequence

H
= .
2n° =3 1is true?

(A) Both {a.} and Z,,=1 % are convergent.

n

. a. . .
(B) {a,} is convergent, but Z:ml 7 is divergent.
(C) {a,} is divergent, but Zn=1 “n is convergent.

(D) Both {a,} and Z"=1 Y are divergent.

452. If the nth partial sum of a series zi:I o

- 3n+1
b 2”_5
find a5.
3
,,.'Jlk s
(A) i??
(B) e
jl?
C) ——
© 13
16
D) —
(D) 5(
: 16
E) —-—
( 5

[

53. If the nth partial sum of a series z,-=| % is

_(In )
T on

i

find > %



(A) -oo
(B) 0
©) 1
(D) e2
(E) oo

454. Find the sum of the infinite series

4 4 4
44 —+—4+—+--
38 27

85
A) —
(A) 3

(B) 24
w2l
(C) 3
(D) 6
(E) 5

455. Express 1.312 as a ratio of two integers.

521
A) -
4) 330
417

495
1049

990
559

495
433

330

% ainad-3n
456. Is the series j=2;.’=l 3 convergent or divergent? If
convergent, what is the sum?
(A) convergent; sum = - 72
(B) convergent; sum = 72
(C) convergent; sum = 8
(D) convergent; sum = 9

(E) divergent

1 1 ]
457. Find the sum of the convergent series f:](j i+2)



(B)
(©)

(D)

Lo | =2 [ DO by |

(E)

T 4= T b =7 . e
ot T8 2 and Zml # , find the sum of the infinite

series 2n=l o= 25}”’.
(A) 4
(B) 10
€) 21
(D) 32
(E) 36

W
ol
@)
'—'
Fb
1]

o0 1

59. Find the values of ¢ so that the series = alnn)” s

convergent.
A) c <0
B) ¢ >0
C) ¢c <1
D) ¢ > 1
(E) No such c exists.

o 5

n=1

460. Determine whether nt—n converges or diverges.
(A) The series converges.

(B) The series diverges.

ZM Int+7

61. Determine whether =1 5n—=2 converges or diverges.
(A) The series converges.
(B) The series diverges.

Zm Inn
=] 2

n- converges or diverges.

462. Determine whether
(A) The series converges.
(B) The series diverges.



w 2+s5inn

Determine whether =l gyl converges or diverges.
(A) The series converges.
(B) The series diverges.

N
(@)}
w

)
= e

“ sin[ ]]
Determine whether : -} converges or diverges.
(A) The series converges.
(B) The series diverges.

t
b A

Determine whether #=l ! converges or diverges.
(A) The series converges.
(B) The series diverges.

3y —

Inm converges or diverges.

N
(@)
S

A
Ol

Determine whether
(A) The series converges.
(B) The series diverges.

N
(@)
(@)

1'%
{_ljn_l &
J; converges or diverges.

=]

N
-3

Determine whether
(A) The series converges.
(B) The series diverges.

Zﬂ--‘ (=1)" cos(7Tn)
468. Determine  whether  the series = n is
absolutely convergent, conditionally convergent, or
divergent.
(A) absolutely convergent
(B) conditionally convergent

(C) divergent

A

69. The series Eﬂnﬂhﬂ” is defined recursively by the

equations

Sin# =+ n
a, =0  and a z(————J%

A 2n+1



=

Determine whether EEnﬂﬁﬁﬁTconverges or diverges.
(A) The series converges.
(B) The series diverges.

- 2.—2n
HoE

70. Determine whether :EH=G ¢ converges or diverges.

(A) The series converges.
(B) The series diverges.

71. Determine whether the series

1 2,3 4
2 5 10 17
is absolutely convergent, conditionally convergent, or

divergent.
(A) The series converges absolutely.
(B) The series converges conditionally.
(C) The series diverges.

Zm {_”M][L]a
472. Determine whether the series = 2n+1 is
absolutely convergent, conditionally convergent, or
divergent.
(A) The series converges absolutely.
(B) The series converges conditionally.

(C) The series diverges.

473. Approximate the sum of the alternating series
s=zm {—2;: n
=l 8"  correct to three decimal places.
(A) s =~ -0 840
(B) s =~ 0.005
(C) s =~ -0.160
(D) s =~ 0.572
() s =~ -1.080

oo &
74. For what values of x is the series :ELF' n2" convergent?

(A) xe(-11]



475

(B) xel[-1, 2)
(C) x €(—co, o)
(D) xe(=2, 2)
(E) xe[-2,2)

Find the radius of convergence for the power series

EM (x—4)"

476.

I

477.

(A) 0

B) 1
C) 2
(D) 3
(E) oo

Flnd 11&3 interval of convergence for the power series

H= j Iﬂ_n H}ﬂ
(A) x=0

(B) xe[-1, 1)
(C) x€(—eo, o0)

(D) xe(—e, Je)
(B) xe[—e, Ve)

X

Find a power series representation for 2+3x and

determine the interval of convergence I.

478.

(A) 2:‘(_3} e withf=[—§, %]

2?}+]

2 x" with f = —2, 2
3 4 4

=1
2
© 3o vini=(-2.2)
~
2

(B)

3 .
(1) ( Jx with [ = [—E, E]
3 3
(=3

nl

(E) T
2" 3’3

Find a power series representation for f(x)=In(1-2x) ang

determine the radius of convergence r.



(A) —iix s F=

:r]

(B) %ZI”; )
{{_j _E ;-.'+]

:r]

4“*2 1
(1) xMr==
e n+1 4
1
(B) =Y 2" x" p=—
> 7
1
fl)=——
479. Find a power series representation for (1+x)"  and

determine the radius of convergence r.

(A) Z i) i gl

#

n=1

Lo
(B) 2ﬂ+1x s r=1
(© 2( 1) s r =
(D) Z( 1;’=(m+1}x” =

(E) Z (=1 nx"; r= L
n=(} 2

480. Find the interval of convergence for the power series

Lo 5§
"o it
E nx
n=1 .

A) x=0

(B) xe(—2,2)

C) x € (-2, 2)

D x € (-1, 1)

(E) X € (‘cm, mﬁ

;=1{]+-:i+E 1—6 £+
481. Let 5 25 125 . Find the sum of the first 10
terms.
(A) 20.132

(B) 16. 667



(C) 20.8
(D) 16.274
(E) 18.6

1x

482. Find the Maclaurin series of the function fo):*ﬁf and

its radius of convergence r.
o -j?i+]

_e‘!ﬁ. = .?.?; =
A) g;m+uf ’

5 4H mEEo
(B) Z{H_{_H!x ir=1

(C) — " r =0

(D) — e

483. Find the degree 2 Maclaurin polynomial which approximates

f[x):ln[ el 1}
(x+2)" )

(A) —2In2+x-2x°

B}lnz—lx2
4

(
(C) 2—x?
(
(

D) In2+x—2x"
1
E) —211'12—2.‘(;"

484. If a function f is approximated by the third order Taylor

series 4-3(x=2)+2(x-2)"-7(x-3)  centered atx=2, what is
£ (2)9

(A) -42
(B) -21
.7
{LJ—6
(D)

b | GO I

(E)



85. Find a

486.

Use

l}ﬂ 2;.?.‘?
(2n)!

2n-1

Maclaurin series to

L |

1] X

(A)
(B)
(©)
(D)
(E)

dx

to three decimal places.

1. 387
- 0.796
- 2. 558
- 0. 288
1. 965

approximate

Maclaurin series for fmﬂ::COELﬂ.

the integral

flo)=—=

487. Find the Taylor series for

(B)

(€)

(2n—1)

Ei e

Z{ 1},,1 3- 'iéuf;lﬂ-lhl}{ 4

n=l U

1 :

=0

(]

{ _4}?:’

(D) Z 1" %{x—w

(E)

488.
3.

Jautl |y
Z( 2t n) (=4
e=A)

Find the Taylor series for f(x) = cos(7x)

‘J; centered at x=4,

centered at x



n+1 ..,H
®) Z( 1) 1)

=l
Ll

. ﬂ:Err 1 %,
© zlﬂn—w
(~1

Rronl

fD)}Z

(E) —El
= f}

}H+]

{ _ l)ﬂ'

—(x—1)*"

e (_l}rrzn
489. Find the sum of the infinite series n=0  3"p
(A) e3/2
(B) 3

(C) _ e3/2

2
(D) 3

E) o -2/3

90. Find the first three nonzero terms in the Maclaurin series

X
*

[
. flx)= -
(A) NS
2 6

(B) e R,
2 .

et
o

{C)l+2x+%x2+m

() 1+x+%xl++~

(F) x+ +%x‘5 + e

491. Approximate cos(9° ) accurate to three decimal places.
(A) 0.874
(B) 0.891
(C) 0.951
(D) 0.982
(E) 0.987

492. Find the sum of the infinite series



3 5 7
T (ml3) +{:='rr’3} _(=/3) .
3 3! 5! 7

=
8 b | —
t‘dfuﬁ
o

—
[
o

o

I

A
e
i’
|
MI-—'M|

J cos(x”)—1 -
493. Evaluate the indefinite integral x as an

infinite series.

oD

(A) Z G

3n 1

=]
Los=]

1 Gr=l
) za{ﬂ-l}(zm!x e

n=|

R T O )
© zﬁn{zﬂ—l)!x e

n=l
Lo=]

l Hm
(D) zén{En}!x e

=)

— {_1}” LY
B>
&) e onn)”

94. Use the third-degree Taylor polynomial T5(x) to

approximate 1n(2).
(A)

;;|'~.:E|~4:|mmlw

20

495. Which of the following converge to 3%



) i, - i
II. 1+In3+ (In3) + ﬂ“f)}} - (In3) 4
2 6 24

]
(A) T only
(B) IT only
(C) III only
(D) T and IT only
(E) T and IIT only

Free Response Problems

"

96. (A) Show that the series »=1(3n)! is convergent.

(B) Use part A to evaluate the limit "~ (3u),

1
(%) =— by T;(x)
497. (A) Approximate T B A

with degree 3 centered at 1.

, the Taylor polynomial

(B) Use Taylor’ s inequality to estimate the accuracy of

the approximation f) =Tyx) yhen x lies in 0.8<x<1.2,

. ) i, .
498. Suppose the Nth partial sum of a series :Ehﬂf” is

sy =N tan [%J
¥

(A) Flnd a4.

Ee=]

E i
F

(B) Fll’ld =0



e =]
n
[

g

99. Suppose that »=0 converges when x=-3 and diverges

when ¥=5. Using this information, determine whether the
following series converge or diverge.

(A) Z £

sinx

500. (A) Express the function x as a power series.

sinx
J d
X as an

(B) Evaluate the indefinite 1integral
infinite series.

1 sinx
(C) Approximate the definite integral Ll e to within an
accuracy of three decimal places.






ANSWERS

Chapter 1: Limits and Continuity

. Ic
lim s Ny =man— =1

1. © 7 4

t+3 (=3+3 D

lim, —=10

2. B) T F+9 (37+9 18
¥ +2x°-9x-18
3. (B) Substituting 3 into the expression x=3
0
results in 0. But factoring the numerator gives you
lim Lt} +§}[r £ =lim__  (x+3)(x+2)=6-5=30.
- e 3

Nd—t =2 0

4. (D) Substituting 0 into the expression ¢ yields 0. So
you multiply the expression by a convenient form of 1 and
obtain

lim { s 4-:-4—2] lim . S lim el = =
r—300 = I r—30 = I =l =
g t Nd—-r42 t(Nd=rt+2) (Va-t+2) J4+2 4

#

Q—y ]

5. (C) Substituting 9 into the expression Vs -3 gives us 0.
But multiplying top and bottom by the conjugate of the
denominator yields

(o5 NN+, 096543 o
i-ﬂ[ﬁ—;%][ﬁ+3]_-]"'23 raomme - L o o



x+4

6. (D) The expression x°+16 must be rewritten so that you can

apply the Limit Theorem. You do this by multiplying numerator
1

and denominator by =x°.

1+‘/i I'nl+l'nfi
— 4+ — im —+ lim —
z =0 W K=o 2 ﬂ+
lim 2—X— =222 X X _— 0 =
K==k c ]_{j . . ]6 i+ ﬂ
1+— im 1+ lim —
x‘ ) K—hon gt

7.  (A) Since —1<sin8<1 as 0 decreases without bound,
: sin@
lim,, =0

1
¢

8. (B) Multiplying the denominator by ¢ and the numerator by

Z 1 "o %

1
- T lim = tra o
2 yields 2 2 12

¥

dx” 0

9. (B) Substituting 0 into the expression l—ces2x results in 0

So you multiply the numerator and denominator by the
conjugate of 1 - cos 2x and get

; 2 X CEEP E
x—l l_C{_"S zx x—l} 51 EI x—ll

2 = 2 2
lim 23 Lrsos 2 = lim AL OR AL = lim ALT Nim(1+ cos2x)
0| 1=—cos2x | 1+ cos2x

=[1im G ] <Rmiitepeda =1 =

=0 gin 2w x—l

]
10. (B) Substituting 0 1into the expression results in 0.
Factoring the numerator and denominator, however, allows you to
simplify.



o (cos@—=DlcosB+1) . (cosB-1)
lim = lim—~ =

1 0
41} BlcosB + 1) B0

]
11. (D) Again, substituting O into the expression gives you 0.
But remembering trigonometric definitions makes short work of
this problem.

sin ¥
(e oo 3) [ ' ]{CW o
lim ) X = lim s = Iimﬂ =T,

F .:}' i }r y—li .,}I

12. (D) Substituting -1 into the expression gets you no
nearer a solution, but factoring the numerator will.

5 _ 1 1
lim Z +l=lim (z+ 1)z z+1}=limz”—z+]=3.
z—=-1 4] z—5 —| =41 z—5—I

13. (A) To find the horizontal asymptote(s) you find the
limits of the function as t — ee and r— —=.

15
iy . HT o
lim =75 = lim g =—=9
I—¥ca I_I‘+ ] 3+_ 3
t
Likewise,
g8

14. (A) To find the vertical asymptote(s) you must find the
values of x for which the expression is undefined, then find
left-hand and right-hand limits for those values of x. The



P+ 2x+1

expression x°—1 1is undefined for x==%I.
x4+ 2x+1 . (x+Dx+D . x+1
lim ————— = lim ———— = lim = oo
=1t xT—1 sl (x=1Hx+1) 1t x—1
BRI x4+ Dx+1) T |
im —— = lim ——— = lim = —oo
x=il e — 1 x=p1" (x_ lj{x 4 l]’ =3l X — I.
Therefore, =1 is a vertical asymptote of the function. But
: Pradl B IV S x+1
] lim,_, | — - lim,_, | =0 .
since x =1 x=1  x=-1 1s not an asymptote.
15. (D) Since
P —11x—1 2x— +2 2
lim — 6% ALl = lim . (2x—5)3x+2) = lim gk FE= —5
i R ” 25—5 i 2, defining
i

5
h=— ) ) -
2 would make the function continuous at 2.

16. (E) £4=15 So you must find a value of k which =34 —-k=15
The solution is #k=-27,

17. (D) By definition, #2}==3. So you need a value for m such
that (20" =7(2)+m=-3 The solution is m=7.

18. (E) Rational functions are continuous everywhere except
where the denominator is 0. So you must solve the equation
257 —8x" —64x=2x(x-8)(x+4) =0 +to find that the function is
discontinuous when *=0.8 or -4,

19. (E) For g(x) to be continuous, you must have
; xt+4x=21 : i +4x-21
lim  ,————=35 ]|mf_;51—=]
T x —=Bx+15 and T xT—8Bx+4+15
Lhdx=21 + 10
gt e T e &

3yt —Bx415 #x-=5 =2



So g(x) is not continuous at x=3.

. b he=21 o x47
lim— = lim =eo
w5 x5t —8x+15 #5x—=5

So g(x) is discontinuous at *=5. Only T and III do not contain
this point.

20. (C) By the Intermediate Value Theorem, only 6 is a
possible value for a.

21. (A) The discontinuities at x=1 and x=2 can be removed by
1 : 1
.. f=— === . . .. .
defining 2 and 5. There is no discontinuity at x=3.
5 2 . . ol o i
Iim_‘ g x —f.-.r +1lx -6 - . (x=D(x—=2x—-3) = limx_p_a (x—3) .
However, X —7x+6 T (x= D= 2){x +3) “(x+3)

does not exist. Therefore, the discontinuity at x=-3 is not
removable.

29. (D)

2 2
e D B i Fah . 1

(D) lim. cos 20 iy cos " —sin H=|im;. feos su19}[¢mﬁ+m:9)= lim g1 (c0sB+ it ) = )

U=l cns @ — sind RS conf—sin® o cosf—zin @

rlg

23. (B) For r=2« to be a removable discontinuity of the
function, the numerator and denominator must both evenly divide
by (t=a4). Top and bottom both divide by (=2}, but not (r—1),
(r=3), (t=4) or (t=06), The removable discontinuity is r=2.

X+ e=12 _ =3+ 4)

24. (E) x-=7x+12 (x-3)(x-4) so the discontinuity at x = 3 is
removable. Furthermore,
=17 (x=3)x+4) x+4
4-—z 1mn i = — = llin o
i x = Tx+12 #4dT (x=3)(x—4) el but

lim



, 2o doneild o (x=3)x+4) x+4
lim —— = lim = L= =

‘s — o

S =Tt 12 x+ [x=3)(x—4) s x=4 . So the
vertical asymptote is at x=4.

: 6x° +5x-56 -
lim = lim

@2x+7)3x-8) _ 37
25. (A) x—» =712 2x+? x—»—TI2 2x+?

lim_, ,,(3x-8)=—"—

26. (D) Since £5=17  h must be defined so that
2(5)" =9(5)" =2(5)+ k=17, Solving this equation for h yields /=32,

27. (E) By factoring, you see that
O 45xT —2x—24  (x=2)(x+3)x+4)  (x+4)
=3y —10x+24 (x=2)(x+3)x—4) (x—4), So lm _, f(x) dJoes not

exist, and the point of discontinuity x=4 is not removable.

3

y o=
28. (E) The function is discontinuous at 2. But that point
is not included in the intervals given in I and III.

29. (B) To find the horizontal asymptote(s) you find the
limits of the function as X —> oo and x— —e.

0

lim - = limn i :T:D
sl Sy 1

2

Likewise,

1
lim l.x‘ = lim xl =E={J'
N—F —vm X +1 X—F —im l+ Y 1

e

30. (C) Simplifying the rational expression by factoring gives



:xé—?xj+iﬁ1ﬁﬂx—3ﬂ:(x—IHx+3Hx—3Hx—5)=(I-IHX+3Hx‘ﬂ

&) P S92 #1106 +30 (x+ 1D x=2{x=3)x+3) (x+1{x=2)x+3

So the only removable discontinuity is at x = 3.

I x*—x3+x—l_1.
;- =i

31. (C) x—1 !

3‘ el
el g Ferse

x=1

32. (C) Simplifying the rational expression by factoring gives
you

2%° +x° =255 +12 _ 2x=Dx+4)(x=3) _ 2x-1)
2P 4355 =235 —12  Qx+1D(x+4)x=3) (2x+1)

So the discontinuity that is not removable is at S

33. (C)
_ P T {Jx2+]—1HJx2+1+1J _ e _ r 0
lim__, =lm__, =lim = ]unl_m,-_-—a_-:E:{h
; - -
Tt ﬂJr*+1+u ﬂ112+1+n (W2 +141)

: P-4 (t=2)(t+2)
lim, ., = lim -

1
34. (B) ' CP-8  TPe-2)(P+2+4) 3

I Pt s x+1
3 lm.‘cﬂ' o i llmx—}—“ : s 3
35. (E) Since x+1 x+1 the limit does not exist.

36. (D) Since the function is continuous and never attains a
value of -1 on the interval, neither will it attain any value
greater than - 1. Therefore, only -4 and -3 are possible
values for a.

37. (A) Since



x'=2x-24 (x=6)(x+4) (x=6) _-10
T T hm_‘-_;_.i — = | e —4 =——= A= -g{_iij
x> +10x+ 24 (x+6)(x+4) (x+6) 2 . the
i x—2x—24
I —
function 1s continuous at x=-4. But “ ¥ +10x+24 does not
exist, since the left-hand limit is -e but the right-hand
limit 1is e. So g(x) 1is discontinuous at x=-6. Only the

interval given by I omits that point.

lim

——

b

38. (B)
Iima_.ﬂ—ﬁ_'x_ﬁ:ﬁm_’ ‘_:__JE ‘J,z i:?—l'm 7—76 ;+ S 1. —E

-...Fx+5—4_1. Nx+5-4 Jx+5+4 1
T LI PR : =lim_,,——=—
39. (D) x=11 k=11 fx+5+4 Jx+5+4 8

i 3 . 3 5 3
nx Xinx 2 inx

40. (B) lim,_,, 2 =lim,_, 2 =lim,,%-lim_, = 0-1=0
lim, = . |
41. (E) x=3 since the numerator is approaching 6

while the denominator is approaching 0 positively.

45+13 18
5, o —
I1m 45-?(: +ljx; 13 = I]_]‘_[] H—x:{}
o 4..1'_9.1'- X—dow 4 _9
42. (C) X
i
43. (A) In order for the function to be continuous at 2,

v

b |

] must equal lim,, 5, (), And since

. 28x"=13x—6 _ . (dx=3)(7x+2) . =23
lim = lim =
pop = 7D Tx+2 xp =71 Tx+2 x> T-‘u




=23

the value of k must also equal 3 .

44. (E) In the neighborhood x¥=5, the numerator is always
negative, but the sign of the denominator will change depending
upon whether x<5 or x>5. And since

x* —24 i e
=oo # lim = —na
st 5—x w35 H=x

COs X =sin x
x -
x(1-tanx) _ i sinx

x—+i4 : x—+ii4 : x—rld . = I~ =,
COSX—SsInxy COSX —5Inx 51N X 4 2 ‘i

(A) lim

T T2 T2
(B) Near x= E, X sCXx = J_ This implies that secx =

o
[@p)
=

A

47. (A) The area of a triangle inscribed as shown is given by
2T

Since there can be # triangles of the same size

inscribed in the circle, the total area of the n—gon is given
2_.?1' r*sind

by 8. 2 . As 8—0, the area of this polygon will more

closely match the area of the circle.

1 j B
—bbh=—r"sin@
2 2

 ;risin® .. sin@
lim = 7r" lim
Bl g (P

el

=nr



{rcosi, rsin E}l
i 2 2

£ 3 hm
—. 0
r (rsec 2 )

The area of a triangle circumscribed as shown is given by

1 ‘ ;
2(;J{rs¢c£}[rsin£]= re ran% 2_’7’
- 2 2 =. Since there can be ® such triangles

circumscribed, the total area of an n—-gon composed of such

28
—= - F tan

2 S

triangles is given by @ As ®—=0  the area of this
polygon will more closely match the area of the circle.

1 "
Tr tan ¢ 5111 g
; 2 A AN Q@ 2
lim ————==gmr" : lim . lim sec=— = 17
0 {p P30 q;} ol

48. (A) Polynomials of even degree do not necessarily have a
root, so f(x) need not have any discontinuities. Also, f(x) may
have as many as four discontinuities. These continuities will
only be removable, where p and g have roots in common.

(B) Since polynomials of odd degree will have at least one
root, f(x) will have at least one discontinuity, and as many as
five. But the polynomial need not have any non-removable
discontinuities due to multiplicity of roots.

(C) This situation is the same as the first. Roots of the
numerator do not produce discontinuities.



49, 099=lim,_,_(1-107%)=1-0=1

. d=allh—x C 4=4J16=x 4d+4J16-x : x
lim———— = lim : = lim
K=l x x—s1] x 4+ \“6_){' x= x{_,_'i__l_Jlﬁ_x]
= lim—:l sl
50. =4 +J16—x) 4

Chapter 2: Differentiation

51. (B)
1 1
sin[% + eﬁx]cm[% +.ﬁx]— sin[%]m&(%} Esin[g + Eﬂx]— Esin[%}
lim = lim
Ax— ﬁ X A x—i) ﬂx
sin E -n:os(l&.x)-l—ms 43 -sin(lﬁx)—sin &
: 2 2 2
=— lim '
2 Ax—D Ax
= lim M= 0
2A x4 A%

lim = lim| — - -
f—s) b asit| T 4
1 - tan 3 tan(A) '

e

ran[%+b]—mn[%] .3 tan[%]+[ﬂn{6] [;rr]
— tan

1 1+tan(h) ] , {1 1+tmﬂm-41—mnwn}
= lim| — - —1|=lim|— -
bk 1—rtn(h) Asll| h 1 —tan(4)

]

=
Fal h o 1—rwan(h) cos(h)

—l sin( /) ! 1 e
@. (E) 2[."::'2:; )!J .ir'l—r:'-i.," {:05{.?53} — Sl“{h‘} 2 2

b cos(h)—sinlh)

1 . 2ran(h) _ ms{h}}: lim{z- sin{ #) }




Flx)=cos(x)- cos (T — x) + 2 sin(x) cos(7T — x)sin(7T — x)

el E L8] {86

2 | 2 sl 2l 2| 4 4

53. (E)

54. (C) Implicit differentiation gives us
—2x

1
&

7" . Thus, in order to find y’ (3),
you need to know the value of y when x=3. Plugging 4 in for x

in the original equation results in

: 3 =203 6 3
27+ =—3?’=:»P1J=—-f-‘i,f'mj,r|[?,-]|=(T{}j=—ﬁ=_E

Gx+3y" ) =0=23y 3y =—6x= 3y =

ﬁ. (E) ,x'=ﬂ=>_1!={:l

Implicit differentiation yields
sinx

—sinx+ y-y =0=y-y =sina =y’ = , _ .
¥ . Hence y' (0) is undefined.

56. (D) Once again, you must use implicit differentiation.
Then you obtain

secy-tany- ¥ =3(y=x (" =1D=3By=3x)0" -1 = ¥By=3x)-(3y—3x)
ylsecy tan y—3x" +6xy =3y} ==3x" +6xy -3y

- 3x% —6xy+3y°
35" —6ay+3y° —secy tany

-}I

ﬂ. (D) %: {xl +lx—l}(ﬁr"+2x-'ﬂ2x+2j= {Ex:’-' +6x2 +2x_2)(5_1__’+3r_|]

58. (A) The limit given is the formal definition for the
derivative of flx)=In(2x) It” s much easier to  just

2
| .  Beg=2-1
differentiate the function. 2x



r = 2cos E :}~£=—2‘in 2L = —iin g
P2) T 20 T 2 N2 T2

x=rcosf = % = —rsin 8+ cos E?d—; = —psin 8 — cos @sin gj
y=rsind = % = rcos @+ sin Hj—; = rcos B+ sin Hﬁn[gj

roos 8+ sin E}sin[ﬁ]
dy 2

rcos @ + sin E’:‘Jn[EJ
59. (E) 2

Substituting #=m into this formula gives us 0, which is the
slope of a tangent line to the curve at this point. Therefore
the line normal to this curve will have undefined slope.

60. (B) Using the point—-slope form of a linear equation we get
¥=6=7(x—=5) =2 y=7x-29

61. (A) The Product Rule gives you
FQ@)= f(g2)+ f2)g"(2) = 5(=1)+03) =5,

62. (C) The Chain Rule gives you
FHB)=g(f3) f/B)=g"(D)-(-2)=(-4)-2)=8

63. (C) You must use implicit differentiation to obtain

: dy ,dy 1 dy s dy  y—8x
Bx = y—x =49y —=0=2(9y —x)=—=y-8x => ==
e (9" —x) G T B e B gh

64. (D) flx)= 4sec’(5x) = fllx)= (12 sec”(5x))(sec(5x) tan(5x) - 5) = 60sec’ (5x) tan(5x)



65. B) 7 6 6

2x+7

(A) Using the Quotient Rule on ? 5 0k gives vyou
(5-20)2)—2x+7)=2) _ 10—4x+4x+14 24

(5-2x) (5-2x) (5-2x)

R

1

)
67. (B) Applying the Chain Rule to x/ results in

Fla=" =l
| x
X

68. (C) Since flx)=—cos’(x*+2x=3) ig a composite function vyou
must use the Chain Rule and obtain

F(x) = (—2cos(x” + 2x — 3))(—sin((x* + 2x—3)))(2x + 2)
= (4x +4)cos(x” +2x— 3)sin(x” +2x—3)

h
E

£

69. (E) For =% you must use both the Chain Rule and the
Quotient Rule.

Pl e} l—xz " ﬁ]zl_i — i:ﬁ
f{xj :}f( - noon

arcsin{ x)

n
70. (D) 4

71. (D) The limit given is the definition of the derivative of



T
flx)=sin(x)eos(x)In(x) evaluated at = 4

, .- Cosxsin x T 2
f (x)=cos” xInx—sin” xlnx+ ﬁf’[—J=—
x T

72. (A) The limit given is the definition of the derivative of
am

2lx) = seclx) ovaluated at ! 3.

g’(x] =secxmany = g’[%rj= sec%rmn%r =—2V"f:

73. (A) Since f(x) is the product of two functions, you will
have to use the product rule. And since 2sin{2x—7) and cos (3x)
are composite functions, so you will have to use the chain
rule.

F(x) =cos(3x) - %{sin2 (2x—1m))+ %I{ws{:}x}} - sin”(2x — 1)

= cos(3x) - 4sin(2x — ) - cos(2x — )+ (—3sin(3x)) - sin” (2x — 71)

= 4cos(3x)sin(2x — 1) - cos(2x — ) — 3sin(3x)sin” (2x — 71)

"E:- 5 _E_____E__. _13_£
f(f':] 4ws{ﬂ}sln[ 3}1}5{ 3] 3sin{r)sin ( 3}

=4(-1}[-§I§J— 3{[};&]= J3

74. (E) Using the distributive property (to eliminate the
parentheses) gives vyou ¥Y**»' =3 Now vyou use implicit
differentiation and solve for y’' .



2’ + 572y + 4y’ y =6x

_}'TJCE 2y + 4}'1) + 1.1.:1:2 = Gx
% Gx — Ex}fz
2x7 y+dy’

Now you need only substitute the values of x=2 and Jz’JE into
this formula to obtain

62-20W2°  12-8 4 1 2
2222)+4(2)° 2482 162 42 8

75. (C) You use implicit differentiation to obtain

T eos(mx)— 9y sin(mTy) = 2xy + x° y
meos(rx) = 2xy = ¥ (9msin(zy) = x°)

,_ Trcos{x)— 2xy

O sin(y) — x°

When you evaluate this last expression at (3,
6-1

9

- 1) you obtain

76. (B) Using implicit differentiation you get

25" +2x° ' —3=0
¥’ 2x*y)=3-2x"

¥ :5 = 2 :
F = ;:P
2x"y
77 (B) In general, LFglN = f(glx)g'(x), Since
1

Fix)= 4\@ and ¢’(x) = —sinx [f(g{x}}]’ = 4ij—x (—sin x].



i ( f{x}] £(2g(2) - F2g'QR) _5(3)-10(7) _ 55

ta=2 . " ==
78. (D) ¢ ) g (g(2) 9 9
79. (C) By applying the product rule several times you get

W) =(fe+ &Y =(foy+( &Y= fe+ fi'+

At x=3, this would be (12} +(-

80.

; l 1
= -9 R
( 4 Dgé[ﬂx }] (ln 2(53{' —"-J}J

’

SHL) + (=5)(1) + (-

+ "

1)(4) =-12,

(5x* —9) = —%[1;]{1{}1:)
I

25x° —9)
10

41n 2(5x° = 9)

#

ittt

o=

el
T3

{ 1 )

In-ﬂi[l]
I,

’” 1

|n4[l]
h S

1
% ) 1:14lﬂgd[x]—2

1 1
81. (C) e k) 54 2xind
82
, L oF gl 5 o=
[eﬁ] e e O Y P e W
X X x? % x

(A)

(E)



At x=4,

Evaluating this function at x=4 yields

A5 ) sy 0
2 2 ) _Fa-1y_w

_ = =0
4% 16 16 16

83. (C) Note that In(2) is a constant.

#

[ 122 ] = 1112(?] =In2((2")™") = In2(-1(2")*(2")) = n 2(-1(2*)*2" In2)

_ (n2)2"  (n2) _ In’(2)

23.1' 2x Ex

84. (C) Note that e? is a constant.

e*(cos*(5x)) = e* (2cos(5x)cos(5x)) ) = e (2 cos(5x )= sin(5x))(5x))
=—5¢*(2cos(5x)sin(5x)) = —=5¢” sin(10x)

85. (D) By the product rule, #&=ef+e'f"  Therefore at
Hy=f0)+f(0)=249=11

86. (A) From the problem, yvou know that fB3)=2 and fB)=0,
Additionally, by the chain rule #(x)=3(f())"f"(x) and #'(3) = 3(4)(0) = 0,

87. (B)

cos(x” Mx'Y = 3x% cos(x”)

J_l’!
3" =(3x") cos(x?) + 3x* (cos(x?))" = 6xcos(x?) = 3x” sin(x? )(x”

= Gxcos(x’) — Ox" sin(x?) = 3x(2cos(x”) — 3" sin(x7))



88. (D) When f is differentiable and has an inverse, then that

inverse is differentiable at any x, where /' (/ ()#0  PFyurther,
. | 2 1

= FY@R)=——

fUF&) . Applied to this problem: FF@,

However, in order to use this you must find the value of f~
(). 1f f'@=% then 2=f®), that is 3x*+5=2. So to find f~
1(2), you will solve 3x*+5=2, This results in a solution of
x=-1 which implies that f=1)=2 and f'2=-1_ Finally, vyou

must also know f’ (x) to complete the process. /=9 Given
’ 1 1 1 1
L) N TR .
this information, £y =D 9= 9

’ 1 |
(£ (8)= -
89. (A) @W/fB)=8 therefore 3=/7'8) and ] FrOey 13,

90. (C) Evaluating at zero, leads to an indeterminate form:
: e =1 M -1 1-1_0
]'In].x'—)-i:' ; oy = e .

sinx sin{0) 0 0, Therefore, you can use L’ Hopital’ s
rule to evaluate the limit by taking the derivative of the

numerator and the denominator.

Ix 2y * 2=
et =1 . (e =1) L 2e
lim — = lim = lim =2
=0 sinx 0 (Gny)' b cosx

92. (A) By L’ Hopital’ s rule which states that if a limit
results in an indeterminate form, such as 0/0 (which you get
here), then you can find the same 1limit by taking the
derivative of both the numerator and the denominator.
S_0

£ U since both f (0) and £=0 By L’ Hopital,

Iinlx L



i L < fim L

1m = 1M =

x—3i) g x—3i) g

93. (D) The derivative of any linear function is a constant.
Consider the function »=7%+& where both m and b are constants.
(Note that m would be a nonzero constant, otherwise this would
not be a linear function.) In this case, J =,

9 (C) A function has a horizontal tangent line if / =0,

1 1. 4

— )y ==(2 )£ tan x) = —sec” ; . . .
(wcif SCRBECTERAI = 3 T Shich is zero at all integer

multlples of pi.

95. (C) Since the slopes of the two tangent lines are the same
at x = 2, the derivatives must be the same at x = 2.

2 : ;
2xsinycosx—sin” x  sinx(2xcosx —sin x)
(A) fx)= : = >

X X

(B) Atx= %, f[%] = E while f’(EJ = —ij, Using the point slope formula:
- ;

2 T
2 4 /4
N SRR | [ .
* T o 2
4 4
.:]"I:-_?x+_
96. T T

{‘M(J@'] J‘%};? J@;” {f§+}§'?£"ﬁﬁr
h b h

(e*sinx+e* cosx)x® —e* sinx(2x) B xe (sinx+cosx)— 2sinx

4 = 3
X X

(B)

_ e ((x=2)sinx}+ xcosx

97. x°



_ 3 (f'[ﬂlﬁ
Y-y VWS W - -

({,f_ 2 2
—{f(x}} { f :(ml] (}I{ [lzxf‘;x;ﬂx))

({flx))

98.
f{x}—l“‘”:’; sy
f[”]:%: :
; [ : |
( ] {4][ ]1 z]z[g[f],rm[\/_]] IFJ_I{B3+;-'T
99. 2

Using the point slope formula

HJ13+E} R-J_[ n]

16 6 \© 4

_ ?I‘\)E g ;rr?’-\E—;rr“ﬁ(E+:rr)

16 64

N 2 " 201-8)

X
16 64

100. While this may appear to involve a difficult derivative,
there 1is no point where both functions have a horizontal
tangent line since g is linear and has no horizontal tangent

lines.

Chapter 3 Graphs of Functions and
Derivatives



101. (A) Solve £&=0 for x

xsin(x— 1) =0

=0 or sinfx—1)=0

¥x=0 or x-=1=-m or ¥x—1=0(x—-1=7 {s outside the given
interval)
sx=0,x=lorx=1—xn

when ¥=0.1 or 1—-x on the interval —-m<x<m.

Since x% is always positive, g’ (x) is positive when sin(x -

1) is positive. g’ (x) is positive when x<1-x, negative when
l-m<x<1, and positive when x=>1.

The relative maximum occurs where the derivative is positive
to the left and negative to the right at x=1-m.

—{x—7} ~Lz=7)

102. (B) Using the product rule [f'x)=¢ — %
Factor: E—Ix—Tfl - xf'[.‘f—_:'] = {1 ~ x:l.ﬁ_[x_?'l
f’(-ﬂ}{} when 1=x>0 since ¢ (x=7) is always pOSitive.

The function is increasing where f@>0 or when x<1.

y" = 2.dx —4de

103. (D) »"=24-16e*



The function can only change concavity when =0

0 =2.4—16¢%
16e* =24
dn_ 24
et = —
.16
‘?.4.1'= ]ﬁ
0.4x=1In15
¥=25In15
| | Flx)= I(x—3].+j(x} _ —§
104. (C) Using the quotient rule: (x=3) (x=3)",
" -
) : Fw)=—
The slope of the tangent line is when 4 .
-3_ -3
4  (x-3)
4 = (x=3)*
x=3=12
x=3+12
v ="1and 5

105. (B) Notice that the derivative is given and you must
identify the function.

Where h' (x) passes through zero going from negative to
positive, h(x) will have a local minimum. This happens twice.

Where h' (x) passes through zero going from positive to
negative, h(x) will have a local minimum. This happens once
between the two local minimums.

h’ (x) 1is constant and positive at the end which will



correspond to a constant positive slope in h(x).

aea

h'(x}

fix)

106. (C) The mean value theorem says that f’ (c) = the slope
of the secant on the given interval.

fly=7
F(B)=8b— b

The end points of the secant line are (1, 7) and (b, f(b))

L f)-7 :353—53—?
b—1 b—1

The slope of the secan

8b—b"-7 1

Solve b-1 "2 solve for b using the calculator.



One method is to find the zeros of x—1 g
B=-3.28 and #=2.28

Choose #=1 so that l<x<é

=
I

b
[
=

P} = 4x? = 6x% + 1C

107. (D) ¢’ =12x"=12

An inflection point will occur when 2 (=0

1252 - 12=0

12x(x =1} =0, whenx=0orx=1

Inflection points are #U)=-8 gnd pll)=1

Choose (1, 1)

108. (A) (A) flx)=(9 = x 312

Z
e 3 x
1

Flo)=—0-x")" =347
2 249—x"

Using the chain rule

=12
(M — ===

109. (E) The slope of the tangent line at x=0 is g’ (0).



A point on the tangent line is &0 =In6 or (0, 1n 6)

1
) . . r=Iln6=—(x—-0)
Using the point slope form of a line, e 6

1 .
=—x+In6
7%

110. (E) The derivative of g(x) should be zero and decreasing
at the smooth relative maximum of g(x).

The derivative of g(x) should not exist at the pointed
minimum and should jump from being negative on the left to
being positive on the right.



glx}

N D—
ag'(x)
4 &__ b,
1L (W) {ﬁ)dr-}li‘+l’ - 1, - 1’
112. (A) Using the chain
dy _ dydu ! cogado 3x’
dc  dude 8- = PR
x dx : _ [:fr]
At =  —=-2sin(2¢) =—2sin| — |=-2
113. (¢) 4, & 2
Q_ﬁfz_—ﬁ
Thus, dx -2 4

b

L
dx when r<-1/2

Ly
—— =05 = o8
and dt [

4



114. (C) Rolle’ s theorem requires two points whose secant
line has a slope of zero so that f@=A& (1, 5) and (7, 5) are

the only two points which qualify. The interval is a<x<#é or
Vi

115. (B) Notice that the information given is about g(x), not
g’ (x). A function can only change from increasing to
decreasing or from decreasing to 1increasing at a critical
point. g(x) increases from -0.33 to O on the interval

0<x<9.08 and from -7.3 to -4.4 on the interval 14<x<20.g)
is increasing on 0=x<9.08 and 14 <x<20,

116. (E) The interval x=>10 has a positive derivative and h(x)
is therefore increasing when x=10. It is not known whether or
not the function increases beyond the relative maximum of h( -

2.2). h(x) may or may not have a maximum value.

117. (D) A function is concave up where the second derivative

is positive. / @=>0 " when x < a and x > c.

118. (D) The slope between (-3, 8) and ~2.3)=-3 which is the
slope of the tangent line at (-3, 8) so f{=3)=-3

119. (B) f(x) has an inflection point at x=# since the first
derivative goes from increasing to decreasing at x=é,

120. (E) Since g(x) is concave up everywhere (except at x=m,
where g’ (x) does not exist), g” (x) will never be negative.

121. (A) f(x)=3x"=1_ The mean value theorem is satisfied when
flb)y= fla)

fo=—=—-—

—-=0. flie)= 3" ~-1=0=e=1

i
Fe 1—(-1) 2 1-(=1) 7

P=1=[(=1)' = (=D)] _1=1=[(=D+1] _0=(=1=(=1)) _0 JI



122. (C)

(C) cos@= Fo =2(ﬁ)+3[4}=£=%,9—m [:j] 0.395 radians.

nll-ln Vi3 -+f52

123. (D) Find the first derivative f (x)=x"=12x+35=(x=7)(x=5),
The first derivative /@ =0_ when x=5.7. Use a test point to
figure out if f >0 op f®<0 for each critical point.

Interval (—o=, 5) 27 (7, +os)
Test points 0 6 10

'(x) + = +

fix) Increasing Decreasing Increasing

For the test point x = 0, S =0-0+35=35 " For the test
point x=6, [fO=6"-1200+35=-1_ And for test point x=10,
F0)=10"=12(100+35=15 At x=5, f' (x) changes from positive to
negative. Therefore, it is a relative maximum. At x=7, f' (x)
changes from negative to positive and thus is a relative
minimum.

124. (B) Find f®)=2x" +10x-28=2(x" +5x —14) = 2(x + 7)(x = 2). f (e} = 0
at F=_?=2.

—_

_5 (B) Use the second derivative to find points of

inflection. f)=06x(x+47+20c+4) Then we find
Fr ) =T x4 4)+6(x +4)° +6(x+4)° —12x{3+4]+12{x+4} You can see that
[ =0 yhen x=-4. Substituting x in the original function,
you find that f(-4)=2(4)-4+4)°=0 g0 (-4, 0) is an inflection
point.

126. (D) x = rcosB. » = rsin@  where r = 1. The equation can be
(rcos@) {}"511'1(‘.?]1'J

rewritten 25 16 . Multiplying through by 16 and 25,




you get 16/cos’8 +257sin 6 = 400, Isolating r, we  get
5 400
r = T i
16cos” @+ 25sin" 6, Apply  the identity cos@ =1-sin"6.  Now
20

T
V16+9sin* 6

f!'[x') = Cﬂ'i.x‘.f’l:f) =COse =
Los (E) 2 2 . Then

_.[2}
c=oos | — |= 0.8807
T .

2
C) Flx) =212
198, () OIYEIY 06 ) is not defined. £ (0) is,
however, defined so there is a critical point at (0, 0). f” (0)
f”{x}zg[_l]x—'ﬂﬂ = _Ex—"h’ﬁ
is undefined since f' (0) is undefined. 3\ 3 2
Fx)<0 when x#0 so curve is concave down over intervals (-

oo, 0) and (0, +m).

129. (D) A critical point exists when

f’{x)=ﬂ,5erf’(x}=2r’3—5=ﬂ=>lx'3=5:‘-x=i\/5 _
2. Use test points to

determine where f(x) is increasing or decreasing.

I e

Test point iy ) 0 2
f(x) + = +
fix) Increasing Decreasing Increasing

The first derivative /& <0 on interval [ so f is



6

x=rcosf = 6ms(gj = ﬁ[ﬁ] = 5\/5_ y=rsinf = Gsln[%] = 6[1] =3

2

decreasing on

130. (A)
Therefore the vector is 3J§~3.

131. (B) Test for concavity by finding the second derivative.

£ == —— =
First find (x=1",  Then find (x=1"_ There is a
discontinuity at x=1 where the denominator equals zero so
evaluate concavity at points where x>1 and x<1. The second
derivative f <1 for x < -1, meaning the function is concave
down on (-ee, 1): [@>0 when x > 1, meaning the function is
concave up on (1, +eo).

132. (E) Since 6cos(3(=8))=06cos(36) the graph is symmetric about
the x—axis. Then check for symmetry around the y—axis, or pole.
Take Ocos3O+m=06cos(30+43m), This result 1is #6cos(38) so the

function 1is not symmetric about the y—-axis. To check for
T

symmetry around the line 2, find Gcos(3(n— 6)) = 6Gcos(3nw — 38) and
test if it is equal to 6 cos 30. Apply the trigonometric
identity cos( 3 — 30) = cos(371) cos(30) + sin(37) sin( 38) to get
6lcos(3) cos(38) + sin(371)sin(30)] = 6]—cos(38) + 0] = —6c0s(38) since sini3m =0 gnd

cos(3m) ==1,  The vresult —06cos(36) # 6cos(36), Therefore, it is not
T

symmetric about the line 2.

2
133. (C) (O f()=3x"-2x  f(x)=0  yhen 3x*=2x or x=0, 3.

2 2
. M= ) _3+W]
F%)=0 " when 3 so f is increasing on interval [3 .

2
[]: _]
f®<0 on interval [ 3/ so f is decreasing on that interval.

f>0 when x<0 so f is increasing on interval (-ee, 0).



134. (E) f is a polynomial and thus is continuous on the

interval (-os, feo), so statement I is true. To test for points
dy du

of inflection, use the chain rule to find f{x)zﬁﬁ- dx, where
I

u= ¥’ —4and y=(u")? You then find that

f’{x}=[%] 20, _2x(x"—4) 24°-8

- -4 5P -4 | o
(u”)? . The first derivative f' (x)
has a discontinuity at x=%2 since the denominator equals zero
at those values. f' (x)I is not differentiable at x=%2 so does
not have an inflection point there. Thus statement II is false.
The function F®=0 gt x = 0 and (W=4 thus has a relative
extremum at coordinate (0, 4). Use the second derivative test

to see if it 1s a max imum or minimum.
fn(x)=£ o = _gx{?xﬁ _18’::' -y fi-‘i: = _ —4x?'1[;|,-3j4} N 6x:‘1 e _ 2}:11 —81 i
du  dx | — 4] x* — 4| |z — 4] 2 —4] x4 L

0, f0)=-2<0 5o there is a relative maximum at x = 0, f0) =4
Thus statement III is true.

135. (C) The magnitude of the vector "=1% 3 can be found as
”’“"=‘jx3+f=J31+{3J§}2=”9+2?=J§_‘3=6. The angle of rotation is

6= tan "’ {l] ~ tan ! [3—?] =ran \ff: - %

X

given by

136. (D) fW=8x=3 £’ (¢) is defined for all values of c.
3
P

F@=0 when 8=3 or 8.

137. (D) Solve for a and b when [)=0 Set
f?(x}=."3r;f:r1-£éx_3=0:‘=3d.x]=i:}x‘;=_g—J )

x* 32, You can also substitute the
coordinates for the maximum and minimum in the original
function to get two expression for a and b. You find that

f)=d=a+b gpnd fl-1)=-4=-a-4b  Thus, ea=4-4 You can then



l=—=33a2=b
use that expression, substituted into f' (1) to get b

b

34-b)=b=6=3_ Then ¥ 3 or use a=4-6=1. You can check

our work by plugging the values for a and b into f' (x) and
%

£ (x). g FE=FED

3 4 . G
— = x" =+] “x)=6x+—2>0 -
x ) ! % for x>0 and /S & <0 for x<o.

then f'(¥)=3x"=3x"=0_ Thep

b

3
It =

=xg+y

138. (E) Apply the equation r=yx"+y" (o find =

Apply  the  trigonometric  identity cos28=1-2sin"8 to get

T T ].
N . . .
1-2sin"@. Then apply the relation y = rsin® to find that

sin” @ = }.3 S

r -"-":+J’l. Now substitute for sin?0 to find that

S 1 1 xTtyt - 5 s
EIREE TRi= ==+ y N =y )=ty orx’ =yl =1,

2 EEY By
xz+_y1 XUy

139. (E) By inspection you see that f has no discontinuities
on [0, 4]. Also, fla=6x=12 gnd is also continuous on [0, 4].
Therefore f(x) is differentiable on the interval [0, 4].
Rolle’ s theorem also requires that f@=f=0_ Tn this case

f0)=fE) =1 This function does not satisfy Rolle’ s theorem.

140. (C) fW=0 yhen s'=16, or x=%2. F®>0 on the intervals
(—o0, —2) and (2, +oo) therefore f(x) is increasing on those
intervals. On the interval (-2, 2), f&<0  therefore f is

decreasing.

141. (D) Solve the first equation for t 1in terms of x,
t=¢" = y=4e"+1

1 ] 1
fix)=6x"+2x=026x =-2x = x=~——

142. (D) 3. The first derivative



f’ (x) also equals zero when x = 0. The second derivative
1 w| 1 1

fr) =122+ 2. Acx===  f [——]= 12[——]+2=—2 , _
: ) 3, 2 & which is < 0 so
-3)

3) is a relative maximum. At x = 0, F =220 g0 £ (0) is a
relative minimum. To find the maximum and minimum points on f,
f(0)=15 and f[—%} 406

27 .

plug values into original function.

143. (B) Use the second derivative to determine concavity.
1 7 1
1] ; e A e " X i3]
Fx)=06x=2=0 when 6x=2 or 3. [7<0 yhen 3 so the graph of
1

f is concave up on the interval [ 151 F7=0 for x>0 so f is

e

=
concave down on the interval [3 i

144. (C) An equation of the form r=acos(nf) describes a rose of
petal length a, with 2n petals since n is an even number; thus
r=5cos40 yields a rose with 2(4)=8 petals of length 5.

145. (E) Statement I is correct since f is strictly increasing
on the interval from D to F. Statement II is true since there
is a horizontal tangent to the curve at points B, D, and F,
implying f =0, Statement III is true since f is concave
downward on the interval from A to B. Statement IV is false
since f is concave upward only on the interval from C to D. The
function is concave downward from B to C, so f <@ for that

interval.

146. (A) Use the first derivative to find where f 1is

G ]. T
. . . . . . (H)=——x"" <0
increasing or decreasing. The first derivative 3

for (-ee, +w), then f is decreasing for all values of x.

(B) First, find any points where J@=0 " but [ <0 for all



values of x. At x = 0, f' (x) does not exist since there is a
zero 1in the denominator. Therefore, there are no maxima or
minima.

(C) Use the second derivative to test for concavity.

f7>0 when x>0, therefore f is concave upward on
the interval (0, +eo). If x<0, then / <0 therefore f is
concave downward on (-ee, 0).

(D) The second derivative f” changes concavity at x = 0, so
there is an inflection point at x = 0. The function fO)=1 go
the inflection point is at coordinate (0, 1) which is also the
y—intercept.

(E) y—intercept at (0, 1). x—intercept at (1, 0).

1

>

7. (A) If vectors are orthogonal, the angle between them is

mlhl‘

so that their dot product is defined by nincos@= 0 Then

1
, | —hh=-2= k==
rory = X%+ piys = (1, =42, B = 1(2) + (~4)(#)=0_ Then 4k =k 2

(B) If vectors are parallel, the angle between them is O,
where cos(0) = 1, You know that, in the case of parallel vectors,



rn=0Crn  where C is a constant. In this case, the horizontal
component of r, differs from r; by a factor of 2. Multiplying

the y—component by the same factor, you get #=-8. You can get

I T
cosf=—1—~2—=—
the same result by applying the equation RN . You
2—-4k
=1
find that (W17 W4+ 4 . If you multiply through by the

denominator and then square both sides, you find that
4—16k+16k" =17(4+%") and, combining terms, you get & +16k+64=0,
You can then factor to find that (4#+8){k+8)=00rk=-8,

(C) Find the angle between two vectors by applying the

1 hnhs

6 = cos - —
equation ||T|||||f_.~||, Here, :‘]-5:1{2]—4{5}:_33’ sl = ||'1J+4- =17

an d Iell=v2°+6* =40 = 2410, Substituting, we find that
)

0= 2 =~ 147.5°
244170

148. (A) Draw a vector diagram.

T

:rr -
f1 = (=2, 0), ji = {0, 4), fj = <3CUSE, —351ng>
f;nml = JF] + f‘l + f:B =<-2+8[%)! ‘i_ 3(%J> = <2f 4 = 4\/;}

(B) ||f||:\/32+'[4—4\/§33 =J63+32~J§ =11.11 newtons.

(C) Apply an equal and opposite force to keep the object from

moving so S



149. (A) <0 on (-ee, -1) and (1, 5) so f is decreasing.
20 6on (-1, 1) and (5, +ee) so f is increasing.

(B) The function has a relative maximum at x = 1 since f'
changes from positive to negative. There are relative minima at
¥=-1,5 since f' changes from negative to positive.

(C) f' is increasing on (-we, 0) so />0 and f is concave

1
0,2—

upward. ' is decreasing on( 2] so f7<0 and f is concave

1
/ . . . [2_‘+m] o .
downward. f is increasing on \ 2 so /=0 and f is
1
. x=A—
concave upward. A change of concavity occurs at x = 0 and 2

1

, implying the existence of a tangent line at x = 0 and = 2.
Summarizing the results in a table,

k 1
Interval (—==, 0) [Dﬁ 25] [EEJ W]
f Increasing Decreasing [ncreasing
£ + - +
f Concave Upward Concave Downward Concave Upward
4 2 ) 2 4 ; 8

150. (A) To figure out where f(x) is increasing or decreasing,



" - 5 2 . L .
set [/ =4¢ =3 = x(4x=3)=0_ The function equals zero at x = 0
3

and 4. Use a test point on each interval to find where f(x)
is increasing or decreasing. The function f(x) is increasing on

)
iy +W}
interval [4 , but is decreasing for interval (-, 0) and

[03)
decreasing for \ 4/,

3
Interval (===, 0) (GJ%} [E?-l-m]
Test point = 1 1
2
f(x) = — +
f(x) Decreasing Decreasing Increasing

3
(B) You found in part A that /=0 at x = 0 and T4, You
then take the second derivative at those points to determine if

they represent a maximum or minimum. You find that
f7¥) =122 = 6% You then substitute values for x to find that

- 0
F10=0 and 4/ 4.  This demonstrates that ~‘4/ {is a
relative minimum. The test for f” (0) is inconclusive so look
back to the first derivative. The first derivative changes from
positive to negative at x = 0, which implies that x = 0 is a

3
relative max imum. At T 4, f'=0
5(£]=E_E=3_ﬁ}ﬂ - |
4) 16 16 16 SO 4 is a relative

Btz

]_[ET_(;J’_ 81 108 27
4 4 4 256 256 256 so relative minimum at

minimum.

(3)_ 27
f[E]_ 256

() frx)=12x"~6x=6x(2x-1)=0 4t x = 0, 2. />0 on interval



1

1
[2 ]. f7<0 on interval [12]. =0 on interval (-os, 0). At

1
X = Q,.f=05 so fW=0 js an inflection point. At 2z,

f_[L) _[1] I f[L]__L
‘ 2 2 16 8 16 so 2 16 is another inflection
point.

(D) Use the second derivative to test for concavity. On (- oo
1

" ﬂ! _] e
, 0), /720 so f is concave upward. On [ 2/, <0 so f is
1

_,+DD] i
concave downward. On (3 , /720 g0 f is concave upward.

[o3)
Interval {—ee, () 2
£ + = +

Concavity Up Down Up

Chapter 4: Applications of Derivatives

151. (C) You are given a position function: flJ=2x+5 jp



meters. The velocity function is the first derivative of f(x)
and its unit is meters per second.

flx)=2x+5
flix)=2

So, velocity 2 m/s

152. (D) Let V be the volume of the sphere, s be the surface

area of the sphere, and r be the radius of the sphere. You are
given that dS/dr=4 dridr.

S =4mr
d—j = 3Ir£
dt dt
% — -‘-‘i% (Cziven)
Sm'ﬁ = 4ﬁ
dt dt
2ar=1
1
r=—
2
V= i:."rr"J
3
G R
V=£K—L]
3 \8n"
V= _1 — cubic units
G

153. (D) The base of the funnel is 4 cm, so the radius(r) is
2.0 cm. The height of the funnel is 5 cm. The rate of the
drainage (dV/dt) is a constant 2.0 cm/s. So, what is the change

in height of the water level (dh/dt) when the height (4 =2.5¢cm?



= % (Similar triangles)

2
5
2h="5¢

2h
pr=—

5ecm

2.5cm

2cocm



dt 75
(&) db
de 25 dt
d_V =—2cm’/fs
dt
4 . db
= — |gh" —
[zﬁ}ﬂ et
2 . b
~1=| — |xh* —
[za}r s
ﬁ e 25
dt 2h
d_ 2
dr 27(2.5)°
i 2 cm/
—=—— 5
elt T

154. (C) Let S be the height of the shadow, x be the distance
between the child and the light,
You are given that the rate at which the child
(dx/dt) is 1 m/s. You are asked to determine the rate of change
of the shadow (dS/dt) when the child is 10 m from the building

(x=40m)_

L J

F 3

50 m

and t be the time in seconds.
1s moving



S 5 dx
e =i —s
—=1mfs (Given)
dt

as 50

dr - x‘1

a5 50
dr (40)°
a5 50

dr 1600

ds 1

de 32

155. (D) Let x be the height of the rocket in meters, 0 be
the camera angle in degrees, y be the distance from the camera
to the rocket, and t be the time in seconds. You are given the
velocity of the rocket (dx/dt=20mis),

¥
x=100m
(5}
-+ -
100 m
Tﬂn!ﬁ'=L
100
5 - df 1 dx
sec’ == —22
dt 100 4t
e
— =20 m/fs
dt ’
1 1 .
29 [ 2L |y
At 100 sec” @
40 1

& 5secto



y' =% +(100)° Pythagorean theorem
»* = (100)* +(100)’

¥t = 2(100)*
y=10042
scf:ﬁ:i atx = 100 m
100
10032 L
100
d6 1
dt  Ssec’ @

E_[l] 1
dr \5) 2y

2

2 = — tadls = 5.7 degfs
af; l[:] rad's ! ﬁgb

156. (D) Let 1 be the length, w be the width, and A be the
area. You are given that the rate of increase of the width
(dw/dt) is twice that of the length (dl1/dt). You are asked to
find the ratio of the rate of change of the area (dA/dt) to

that of the width when the length is twice the width (/=2w),

A=
dA dur el

et o

dt dt dt
[=2w

dA duw 1\ dw
= {ZHJ}E + {EJ[E]



157. (B) You are given the cost function Clx)=200+4x+0.5x" and
x=50, The marginal cost is the first derivative of the cost

function.

C(x) =200+ 4x+0.5x°
Cl(x)=d+x

=50
C'(x)=44+50
C'(x) =354

158. (B) The position function of the particle with time in
seconds is fl)=x"=62"4+9x  The velocity is the first derivative
of the function and the times are when the first derivative is

equal to zero.

fix)= % 6%t +9%

flx)=3x"—12x+9
0=3x"—12x+9
0=x"—4x+3

O0=(x—1}x-3)
x=1=0 x=3=0

y=1gs x=23s

159. (E) You are given that the perimeter (P) of the fence is
500 ft and the shape must be a rectangle. Let 1 be the length,
w be the width, and A be the area. You can calculate the
dimensions for maximum area.



p=204 2w
500 =2/ + 2w
250=0+w

[=250—-w

A=l
Alw) = (250 — ww
Alw) = 250w — w”
A'(w)=250- 2w
0=250-2w
0=125—w
w=125ft
[=(250—w)=(250-125)=125hk

160. (B) You know the man and the woman’ s speed
(dxldt = dyldr =1 mls)  and  their distances from the intersection
(x=y=100m)) You can find the speed (dz/dt) at which they are
separating.

X=100m

y=100m




zE = xE +_;p,"1
z* =(100 m)* + (100 m)*
2z =2(100 m)*

z=1ﬂﬂ£
zz =x3 +:}rl
dx dy

Jl.zE =22 4 Doy
dAr dr dr

dz dx dy
Aot i 1 o
dt dr Piis
dx; dy
dz g ]
et z
Ez.__ (100 m)1 m/s) + (100 m)(1 m/s)
d (1002)
E _ (2)(100 m)(1 m/s)
dt (1004/2)
dz 2
—=— m/s
at 2
ﬁ =1.4 m/s
dt

9

161. (B) You must take the first derivative of fl) =2 —dx+2
and evaluate it at x=20.

Flx)=2x*—4x+2

fix)=dx-4
F(20)=4(20)-4
F(20)=76

162. (A) The instantaneous acceleration 1is the second
derivative of [ =2-4+2x-5 oyaluated at x=10.



f{x}=2x"’—4x2+2x—ﬁ
Fx)=6x" —8x+2
[ lx)=12x-8
£7(10)=12(10)-8
f 10)=112 mfs”

163. (D) You must first set up the equation for profit,
differentiate it, and evaluate it for x=1000unis. The price of
each unit is $500 and the cost function is Clx)=200+ 16x+0.1x.

P=R-C

R = xp=500x
Clx)=200+16x +0.1x*

P =500x—(200+16x+0.1x)

P =500x—200-16x—0.1x"

P=-200+484x—0.1x"

% = 484—0.2x

x=1000

dP
— = 484 - 0.2(1000
T ( )

dP
£ = 484-200
dx

dP
— = $284
% $

X

164. (E) A right cylindrical cone has a radius of 4 cm and a
height of 2.0 cm. The height increases (@h/dr=0.5cm/min), but the
radius remains constant. You can calculate the rate of change

of volume.



V= lﬂ‘rzb
3

dv 1 o dh
—_— Ty —

dt 3 dt

ﬁ = (0.5 cm/min, » = 4 cm constant

r

v i
av = ln‘(ci cm) (0.5 em/min)

dt
av

5 %
=8.4 cm” /min

165. (D) To find the coordinates of the vertex of the parabola

y=3x+2  tgke the first derivative of the function. To find

b

the x—coordinate, set the first derivative = 0 and solve for x.

To find the y—coordinate, evaluate the function at x = O.

y=3x3+2
ﬁ=ﬁx

elx

0= 6x
x=10
y=3.1c3+12
y=3(0)"+2
y=2

The coordinates of the vertex are (0, 2).

166. (D) Let x be the amount of water pumped in, y be the
amount of water removed, h be the level of the water in the
tank, and V be the volume of water in the tank. The radius of

the tank is 10 m. The rate of water pumped in (dx/dt) is 100

m3/min and the rate of water removed (dy/dt) is 70 m3/min. You
can calculate the approximate rate of change of the water level

in the tank.




V=x—y

av _dx _dy
dr dr dr
V =nar'h
dV ﬂ2£% i _
=y T F 15 QOILSCAn
dr dt
dt  dr  dt
dh_ 1 (d_d
dr i\ dt dr
dh 1 . ;
— =———((100 m" /min) = (70 m” /min))
dt w10 m)
ﬁ = l — ({300 m’ /min)
dt 314 m”
ﬁ={].l rm/min
dt

167. (C) The ladder {==8ft), the height of the top of the
ladder against the wall (y) and the distance of the bottom of
the ladder from the wall along the ground (x) form a right
triangle. You are given the rate of fall of the top of the
ladder @ldi==11Us) at y=4f You can calculate the rate that the
bottom of the ladder moves with the Pythagorean theorem and its
derivative.



xl +}ra=|:8}2
x*+y° =64
dx Ay
Ix 42y L=
wﬂ -Pm ?
dx dy
i _=D
w:ﬂ y:ﬂ
b
dt T odr
& _ _rd
dt x dt
x' +(4) =64
x*+16=064
x° = 48
N, 7
ﬁ=— {4 h} {—1 fh'rr-}
(43 )
dx 1 JE
= e fils=Y2 fiss
dr ,ﬁ 3

168. (B) You are given the function @=#cAT mass of iron
block (1 kg), the specific heat capacity of iron fe=460]/ke-K)
and the rate of thermal energy input @Qdr=100]is)  You are
asked to find the rate of temperature rise (@AT)dn,

Q =mcAT
dQ _  d(AT)
dt dt
dAT) _ 1 dQ
dt me dt
d(AT)
= 100 J/
7 (k@60 kg K)' i)
#AT) =0.22 K/s

169. (E) The rate of change of the balloon’ s volume (dV/dt)

is 50 cm®/s and the radius of the balloon (r) is 10 cm. Let D



be the balloon’ s diameter. You can find the rate of change of
the balloon’ s diameter (dD/dt).

V= i,fm"3
3
AV dr
= Sed,

dt Kreﬂ

D=2r
o __dr

dr dt
ar_1dD

dr 2 dr
dV ;[ 1dD
e
dt 2 dt
AV L dD
2ot

dt dt

v

o _dr

dt 2mr’
aD (50 cm’ /s)
de 22(10 em)’

dD (50 cm’/s)
dt 2m(100 em?)

170. (E) The length (L) of the farmer’ s fence is 160 m. Let x
be the length of the rectangle and y be the width. Now use the
area formula to solve the problem.



L=2x+y

160 =2x+ y
y=160-2x
A= xy
A= x(160-2x}
A=160x—2x"
aA

== 160 —4x
0=160—4x
dx =160
x =40 m

¥=160-2(40 m)=80 m
A= (40 m)BE0 m)
A=3200 m"

171. (C) Given the cost function Clx)=144+0.1x+0.04 you can
find the minimum average cost per unit.

Clx) =144 +0.1x + 0.04x*

C = E=E+t}.l+{],{]f-ix
X X
C’==144x % +0.04
144
0=-——+0.04
"
14f = 0.04
.
144 = 0.04x"
¥t = 148 3600
0.04
x = $60

172. (B) Let p(x, y) be the vertex of the rectangle on the
line. Use the area formula and differentiate it. Set the first
derivative to =zero and find the <critical number. Then
substitute the x value into the line’ s equation to find the

dimensions.



=

Y= —EXk

¥ FI:X, F}

0 X \’x

A= xy
A=2x(-2x+4) The domain of A is [0, 2]
A=-2x" +4x
dA
= =—4x+4
0=—4x+4
4dx=4
x=1 length

p==2(1)+4=2 width

173. (E) Find two negative numbers whose sum is -50 so that
they have the maximum product. Let y be the product of the two
numbers.

y==x(=50+x)
y=50x+x"
d}.
E =50+2
0=50+2x
2x=-50
v = =25

174. (D) Let V be the volume of the sphere, S be the surface
area of the sphere, and r be the radius of the sphere. You are
given that V=1(1/(487") cubic units. You must calculate the
radius of the sphere, differentiate the surface area equation,

and substitute the radius of the sphere into that equation.



V= i.TJ!.':-‘
3
1 4
—~ ==
48m- 3
1=64mr
?"3 = —l
64’
1
ye=—
4
§ =4t
é = Snrﬁ
et dlt
as _o [ 1\
dr 4 | dt
a_,a
dt dr

175. (C) Let x be the length of the square. So, the length of
the box will be 8-2x and the width will be 4-2x. The range of
X must be 0=x=2cm. You differentiate the volume formula to
find the maximum size of x.

V = hob
O B
V =4x’ —24x* +32x

v =12x" —48x+32

0=12x" —48x+32
0=3x"-12x+8

By the quadratic formula:

x=3.15and x =0.845



However, x = 3.15 is out of the range x
x=0.845 em

176. (D) You are given the cost function Clx)=3500+06x+0.2x and
the price function #=20 (Calculate the revenue and the
profit. Differentiate the profit function and find the critical
number, which will be the number of units for maximum profit.

Rix)= xp(x)=20x (Calculare revenue)
Clx)=500+6x+0.2x" (Given cost function)
Pix)= R(x)-Cix) (Profit equation)
P(x)=20x — {500+ 6x +0.2x")
P(x)=20x—500—6x—0.2x"

P(x)= =500 +14x —0.2x"

Plx)=14—-04x

0=14-0.4x
0.4x =14
x =35 units

177. (D) Find two numbers whose sum is 30 so that they have
the maximum product. Let y be the product of the two numbers.

y=x(30—x)
y=30x—x’
g=3{}—2x
0=30-2x
2x =30
x=15

178. (D) You know the speeds of car A and car B (dx/dr=100 km/h
dylde =50 km/h) . After 1 h, you can calculate their distances from
the intersection (x=100km, »=50km)  You can find the speed



(dz/dt) at which they are separating.

X =100 km

¥="50km

zz = x" +y"
z° = (100 km)® + (50 km)*
2z =1.25x 10* km?*

z=112 km
z2=}.'2+;u2
dz dx dy
2.5 =25 E 12y
f& xm ym
k& d
E & &
dx dy
& _ gty
dt z
ﬁ_ (100 km)(100 km/h)} + (50 km)(50 km/h)
dr (112 km)
dz
— =112 km/l
dt '

179. (E) You are given the function @=mAT mass of copper
block (1 kg), the specific heat capacity of copper (=390 J/kg-K)
, and the rate of temperature rise (dAT)/dr=0.026K/5), You are
asked to find the rate of thermal energy input (dQ/dt).



Q =mcAT

dQ _  d(AT)

At dr

‘:"IIQ c 3

- (1 kg)(390 J/kg - K)(0.026 K/s)
4Q _

. =10 J/s

180. (D) The length of the rope is 90 ft. Let h be the height
of the piano above the ground, y be the length of rope from the
pulley to the piano, x be the horizontal distance between the
man and the piano, and z be the length of rope from the pulley
to the man’ s hand. The pulley is 40 ft above the man’ s arms.
At #=0, the man is 30 ft horizontally from the piano and walks
away at 12 ft/s. Find how fast the piano is being pulled up.

y+z=90
b+ y =40
x4+ (40) = 2°
y=40-h
z2=90—y
z=90— (40— 5)
z=50+4#h

7+ (40) = (50 + A)

dx dh
2x—+0=2(50+h)—
xd.t (5 ﬂld

t
dh  x  ds
dr S0+h dr
At =0, (30)° +(40)" =(50 + h)*
2500 = (50 + )’
50 =50+ 4




dh x E

dr N S0+ 4 dr
ﬁ=El[12)

dar 50
@=E=5.2 fe/s
et 5

181. (D) The position function of the particle with time in
seconds is f=x"=9"+24x  Acceleration is the second
derivative of the function and the time is when the second

derivative is equal to zero.

Flx)=x" —9x% + 24x
Flix)=3x"—18x+24
Frix)=6x-18

0=6x—-18
bx =18

x=3s

182. (D) The width of the metal used to make the gutter is 16
in. The maximum capacity will occur when the rectangle seen end
on has the greatest area. The dimensions of the rectangle are
shown. You must differentiate the area formula and find a

max imum.

16 =2x

flx)=x(16=2x) 0<x<B§
flx)=16x- 2’
)

flix)=16-4x
0=16—4x
dx =16

*=4in



183. (D) The ellipsoid has the following radii: m=8cm r=4cm
, and n=2¢m_ r_ remains constant, but r, increases by 0.5
cm/min and r, increases by 2 cm/min. Given the formula for the
volume of an ellipsoid, you must differentiate it and evaluate

it with the given values.

dV [-’-I- j[ c:'r,J+ cfr;} 3
=| —nr P ¥ nstan
3 ¥ s . 1s constant

% = [%ﬂ'{& crn]l]l[(.? cm (0.5 cn/min}+ (4 cm)(2 cm/min))
A

v _ [2 Cm]m cm? i)

dt

i S _
— =967 cm” /min
t

184. (E) The angle of the plane’ s take—off is 30° . Let h be
the plane’ s altitude and t be time in hours. The plane’ s
velocity is 500 mil/h. You can find the rate of change of the
plane’ s altitude.

h
500z
h = sin(30°)500¢
dh

r
dh

i

sin(30°) =

= 5in(30°)500

= 250 mil/h



185. (D) You must first set up the equation for profit and
then differentiate it, and evaluate it for x=500 units. The
price of each unit 1is $500 and the cost function 1is

Clx) = 300 + 4x+ 0.2 )

Pla)=Rix)—Clx)

R(x)= xp = 500x

Clx) =300+ dx+0.2x

P(x) = 500x = (300 + 4x + 0.2x)
P(x)=500x—300—4x—0.2x"
P(x) = =300+ 496x — 0.2x"
P’(x) =496 —0.4x

186. (D) The length (L) of the fence is 600 m. Let x be the
length of the rectangle and y be the width. Now use the area

formula to solve the problem.

L=2x+y
600=2x+y
p=0600-2x
A=xy
A = x(600 - 2x)
A=0600x—2x"
ﬂ=ﬁf}ﬂ—4x
dt
0=0600-4x
4x =600
x=150 m

y= 600 = 2(150 m) = 300 m
A=(150 m)300 m)
A=45000 m*

187. (D) Let x be the amount of oil pumped in, y be the amount
of oil removed, h be the level of the oil in the tank, and V be
the volume of o0il in the tank. The radius of the tank is 100 m.



The rate of oil pumped in (dx/dt) is 5000 m?/min and the rate

of 0il removed (dy/dt) is 100 m/min. You can calculate the
approximate rate of change of the oil level in the tank.

h f———er———
V=x—y
av _d_d
dr dr dt
V =mrh
dV ) dh .
——=7ar"— (7 is constant)
ar At
2db dx dy
ol O i B o )
dt  dt  dt
ah_ 1 (& _d
dt  mr\dt
LB %((mm m” /min) = (100 m” /min))
dt w100 m)*
ﬁ: ; (4900 m” /min)
dt 31400 m*
ﬁ = (.16 m/min
ot

188. (C) The instantaneous velocity is the first derivative of
fx)=16x" = 142 + 65~ 7 oygluated at x=0.5.

flx)= 16x° —14x* +6x—7

Fla)= 48x" - 28x+6
£(0.5)= 48(0.5)" — 28(0.5)+6
F0.5)=12-14+6
F0.5)=4 m/s



189. (E) The cone has an altitude of 15 cm and a base radius
of 3 cm. The cylinder has a radius of r and a height of h.
Write h in terms of r and substitute it into the volume of a
cylinder formula. Differentiate the volume of a cylinder
equation, set the derivative to zero, and find the critical
values. Once found, use the critical values to find the volume
of the cylinder.

15 cm

h 5 -
=— G
= 5
h=53-r)
V =mrh
V=mr*(5)03—r)
V =15ar" =5’
% = 30mr — 157"
dV
—=5xr(6-3
F AR
0 =5mr(6—3r)

O0=5mr or 6—3r=10

r=0 or r=2 (r must be greater than 0)



h=5(3-2)=5
V =m(2)*(5)

3
V=20 cm

190. (A) The pressure across a bubble (Ap) is given by this
equation: 47 =2¥7r  where y is the surface tension and r is the
radius of the bubble. As the pressure across the bubble
increases, the bubble shrinks. To calculate how the rate of
increase in pressure change compares to the rate of change of
the radius, you must first differentiate the surface area
equation. Use the given ratio of the rate of change of the
surface area to the rate of decrease of the radius of the
bubble to calculate the radius of the bubble. Differentiate the
pressure equation (assume that Y is constant) and then
substitute the radius into the differentiated pressure
equation.

8 = 4’
48 dr
— =8fr—
dr dt
% — 4% {Given)
dr dr
8ar— = 4—
T
2mr=1
1
p=—
2
N
Ap= o
P
Ap =2y
Ef{.ﬁp} =) ﬁr?'
s e LR, Ui
dr r dt
didp) __ 2y ar
dt r dt

dAp) 2y dr

dt 1 2 E
&

.-ﬁ i3
_diﬁ*ﬂ} = {—811"}’}% pressure unirs/time




191. (C) The base of the can is 10 cm, so the radius(r) is 5.0

cm. The height of the can is 10 cm. The rate of the drainage

(dV/dt) is a constant 4 cm®/s. So, what is the change in height
of the water level (dh/dt)?

V=mr'h
av _ Tt a (r is constant)
dt
s _ LJ&’_“’
dr \mrt | de
ah _ —fJ——T —4 cm”)
At (5 cm)”
dh 4
e CI'.['I.I'rEi
dt 251

192. (A) You are given the cost function Clx)=x+20x+4  Divide
this function by x to get the average, differentiate the
average function, set the derivative to zero, and find the
minimum.

Clx)=x" +20x+4
E{x} _ x+20x+4
T

= 4
Clx)=x+20+—
x

P12

7

4

0=1-—

b o

0=x"—4
=4
x =12

x =2 (x must be greater than 0)

193. (E) Acceleration is the first derivative of velocity. So,
take the derivative of the given velocity function, set the



expression equal to zero, and solve for the time or times.

1 .
rs=§.r'3—2.ri+3x+ 2

§$=r3—4r+5
0=t —4t+3
0=(t—1)z-3)

t—=1=0 t=3=10
t=1ls tr=3s

194. (D) The height of a football when punted into the air is
given by the function: *#=wf=%g’ The initial velocity of
the football (v,) is 20 m/s, g is acceleration due to gravity

(10 m/s?), and t is time in seconds. You can calculate how long
it will take to reach its maximum height.

| E—
(t)=vt——gt"
¥ i EE

yey=v,—g
O=v,—gr
g=uv,
v,
f=0
£
(20 mis)
(10 m/s?)
t=2s

195. (E) You are given a position function: f(¥=2x-20x+5 {p
meters. The acceleration function is the second derivative of
f(x) and its unit is m/s2.

flx)=2x"=20x+5
flx)=4x-20
f”l[.x] g 4



So, acceleration = 4 m/s?

196. A student builds an experimental model rocket with a

variable thrust engine. The test flight lasted for 5 s and the
rocket” s altitude (in meters) could be described by the
following function:

L
yle) = grj 2"+ 342

(A) What is the velocity function of the rocket (m/s)? What
is the acceleration function of your rocket (m/s2)?

Velocity is the first derivative of the altitude function:
Y()=r—4e+3

Acceleration 1s the second derivative of the altitude
function: Y (=2r—4

(B) Make graphs of each function vs. time (s) for 0 to 5 s.
Derive the maxima and minima for each graph (show your work).

Altitude function:

Time (s) Altitude (m) = y(t)
0 2.0
1 3.3
2 2.6
3 1.9
4 31

Critical points:



()= x'—dx+3
O=x"—4dx+3=(x—1x-3)

1
x—1=ﬁéw=1,NU=EUFHEWE+HU+1=33 maximum (1, 3.3)

x=3=0—>x=3 y(3)= %(3}3 ~2(3 +3(3)+ 2 = 1.9 minimum (3, 1.9)

Altitude of a rocket

~ @ ©
o o o

6.

—

Altitude (m
= T ea o O
cCoooo

e
o

=
=
[y%]
[#4]
=
in

Velocity function:

Time (s) Velocity (m/s) = y'(t)
0 3
1 0
2 ~1
3 0
4

Critical points:

y(£)=2x—4

0=2x—4
2x—4=0—=x=2 y(2)=(2)*-4(2+3=-1 minimum (2, —1)
¥ (0)=(0)" - 4(0)" +3=3



Velocity of a rocket

10

Velocity (mis)

Aacmnmm

Acceleration function:

Time (s} Acceleration (m/s?) = y"(t)
0 3
1 0
2 -1
3 0
4 3
8
6
v 4
£
B <
5 O
5 20
b
-4
-6

197. A conical funnel has a base diameter of 6 cm and a height
of 5 cm. The funnel sits over a cylindrical can with an open
top. The can has a diameter of 4 cm and a height of 5 cm. The
funnel is initially full, but water is draining from the funnel
bottom into the can at a constant rate of 2 cm?/s. Answer the
following questions (show your work) :



(A) How fast is the water level in the funnel falling when
the water is 2.5 cm high? Let’ s look at the funnel first.

3cm

5cm 2.5¢cm

% - % (Similar triangles)
3b =5
3h
pii
5
|
V =—mreh
3 2
V’ —_ lﬂ- j_b Ip{-;
3 5
3 | 25
= im’f
25
AV 3 ) dh
d—v= 1 J'D{i'zﬁ
dt 75 dt
dV
E =7 ij .'IIS
) o dh
=D == |gh —
B
ﬁ . i
dr 9k’
b___ 75
dr 9m(2.5)*
&__75

cmfs = =177 cm/s

dt 56



(B) How fast is the water level in the can rising?

Now let” s look at the can. r is the radius, which is
constant at 2 cm. Let x be the amount of water flowing into the
can. The rate at which water flows into the can is equal to the

rate at which water is draining from the funnel (-2 cm3/s).

V=x
AV dx
bt
V =mrih
d—V = 7t d—’{l {r is constant)
dt dt
il
dr ot
eh ok dx
dh _ |

— = ———(2 cm’/mi
dt H(Ecm}‘l{ Sat-Amin)

b 1 cm/s
E:( ;ﬂ_ : ] =016 cm/s

(C) Will the can overflow? If not, how high will the final
level of water be in the can? If the volume of the funnel is
greater than the volume of the cylinder, then the can will
overflow.



Cone Cylinder

o s T

3
= é:ﬁ'l{.’i cm) (5 ¢cm) V =m(2 em) (5 cm)
V=15r cm’ =47 cm’ V¥V =20mr cm” =63 cm’

. The cylinder will not overtlow.

Water level in the cylinder
V=mr'h
5 (157 cm”)

h=——s= —=3¢m
e w5 em)

198. The perimeter of an isosceles triangle is 16 cm. Do the
following:

(A) Make a drawing of the problem.

Given: P=16cm

(B) What are the dimensions of the sides and height for the
maximum area?



*=h +B=x)

w0 =h" +(64—16x+ x°)

' = b +64-16x+x"
0=h"+64—16x

h* =16x - 064

b =16(x—4)

h=4\(x—4)

L

A==bh
2

A %(16—2;()(41}"[1:—4)}
A=(8-x)(2J(x—4))
A=(8—x)[2x—-47""]

o %(2}[,&' ~ 472 8- x)+(2)x—4)"(-1)

i~

=(x=4)" (8- x) - (2Nx—4)"

_8=%)-(2)(x—4)
Jx—d

3—x—2x+38
x—4

=
|

L

=

BB REREE

be
|
s

=
[
=
|
L
=

-
|
o

x=4 leads to an undefined solution

0=16-3x
Iy =16
16

x=—=533cm

(1ﬁ—zx}=[15—(z)(ﬂﬂ=[15—£}={4_—8—3_’—2}=E=5,53cm
3 3l L3 3] 3



Therefore, the triangle is an equilateral triangle.

(C) What is the maximum area?

h=4 (x—ﬁi]=4i(£—f—i}=4 (1_—6—1_—2]=4\/g=1.16cm
3 3 o 3

A=—=bh
,qzl[m][q i]
b 3
16 (4
“‘*‘_”’[?J 5]

Sl
33

A=(10.67 cm)(1.16 cm)
A=123cm’

b | =

199. A T-shirt maker estimates that the weekly cost of making x
shirts is Cld=50+2¢+x720 The weekly revenue from selling x
shirts is given by the function: &) =20x+x/200 (show your
work) .

(A) What is the profit if all the shirts made are sold?



Plx)= Rix)—C(x)

3

R s
200
Clx)=50+2x +£
20
Pix)= 2ﬂx+i— 5ﬂ+2x+£
200 20

¥

e T A | S
200 20

Plx) = 18x — 50 — 2%
200

(B) What is the maximum weekly profit?

9x*
200
; Ox
Plx)= 18_{21[2[](]}
Pix)=18-0.09x
0=18=-0.09x
0.09x =18
x = 200 shirts
P(200) = 18(200)— 50 —

P(x)=18x—-50-

9(200)°
200
P(200) = 3600-50-1800
P(200) = $1750

200. You are to make a cylindrical tin can with closed top to
hold 360 cm®.

(A) Make a drawing and label what is given.



Vo el

Variables:

radius

°r

*h

height
* V = volume

* S surface area

Given: V=360cm’

(B) What are its dimensions if the amount of tin used is to
be minimum?

V =mr'h
360 = nr'h
360

mr

h

S=2mrh+ 21"

S = err(ﬂ?] + 27rr°
_.?T.?“

5= 2[@] + 27t

"
S=720r" + 2m¢*

7Y 5
— =—720r" + 41r
r

=720

¥
=

l"'

0 + 47y




720

4y =
rﬂ
4mr’ =720
;5 720
= —
4n
. 180
= —
i
{180
r=1~”
b/
r=3.86 cm
h= 260 S =7.71lcm

art m(3.86 cm)’

(C) What is the surface area?

S=2mrh+ 2mr’

$ = 2(3.86 cm)(7.71 cm) + 27(3.86 cm)’
§=187 cm” + %4 cm’

§=281cm’

Chapter b5: More Applications of Derivatives

dy
201. (B) Two tangents are parallel if their slopes, or dr of
the function at each point, are equal.

202. (B) The instantaneous velocity lv]=(3) —12(3)° +5=-76,

203. (E) To make a linear approximation, let,fhﬂ=xﬁi a=8l,
and Ax=-3,



— . 1 TP -3 e
flat8x)= f@)+ fB1(3) = 81+ 26D (-3)~3 4[2?) 3-=e 297
£=cusﬂ=ms£=l
204. (C) 46

a’y [;’]smﬂﬂ-rmsﬂ (

1
2
o ( d )cﬂsg—rsinﬂ (l
Ao )

. e:fzx d'y
a=v' = = {6¢t, 9
205. (C) L d? . The magnitude of the

acceleration, then, is

|| = dz =324 +81=20.1.
206. (B) s(t) = 0 when the penny hits the ground. So,
ﬂ:—lﬁr1+2ﬂ!):>r:£zf-i s
-1
?ﬂmmual = : ==i=d
207. (A) Pangens

208. (C) Using tangent line approximation and f(3)=10 " the
point of tangency is (5, 10). f1)=2 5o the slope of the
tangent at ¥*=35 1is Munget = 2 The equation for the tangent line
igs y=10=2x-3) o y=2x Therefore, f'(5.5)=2(5.5)=11

dx ely dx dy
2 lrand 2o Wl e
(D) & EEmgTs At =1, & . @& . The

\)
Nej



e\ &Y
SPwd=\j[E) +[¢:’%] = Jle+16 =32 =42

210. (B) v()=s()=3t"~18:+24  Set »=0 to determine when the
particle undergoes a change of direction.

v(t)=3(t —6¢6+8)=0.3(¢—4)(t—=2)=0=>¢t=2,4, At r+=2,4 the particle
changes direction, therefore it is moving to the left at 2=<t<4

o T
60°=2

11. (B) Express the angle measurement in radians, 3. Let

X ﬂ.x:f:z[i}:i

Sflx)=cosx th approximation 3 and 180/ 90,

J=-sn - R

2 . Now use linear approximation

fx)==sinx gnd f(
5

f[£ -—] [ } ][——] & [E]-[si.IEJ[i]ml+[£IE = 0.5—0.03 = 0.47
3 3 3 3090/ 21 2 9o
A
212.  (C) If & , then the function has horizontal
Qj’ I!{xlx:ﬂ r=1{)
tangents. If dx does not exist at x=« but 4 , then the

function has vertical tangents at x=a.

213. (C) Lef(x)=+" a4=5 and Ax=02. fla+Ax)= f(a)+ f(@)Ax  Then
FB+2)= f(5)+ F/(5)(.2) =125+ 3(5)°(2) =125+15=140_

214, (B) al)=v()=6:"~r+4_ At r=4, al4)=96fss"
. . fi=—4:+i é=.r3 & _
215. (C) Differentiate and 4 . When t=1, 4

dt

2] ] -
The speed dt .



fi:gr £=|6 ﬂ| =2
216. (A) Differentiate # 3 and. & . Thus, d and
de) e i RS b
i The slope of the tangent, ™™ 4 dr 6 3.
_ ) _ 34 [+ \ [ 3 2

217. (B) || (e | \J'[I44+64 LEJG’JE JG’JG

dlx dy &y -1

—_—=72 = —2=r-1 el
218. (B) & = @ T oA s B e,
219. (D) The acceleration vector #=¢ =(8%3}) The magnitude of

the acceleration la] =256 +9 = /265 =163

220. (B) Take the derivative of each function of y and set

them equal to each other. So, d«

dr :rr
— = =2sinl = —f3 0 =—
21. (E) 40 when = 3
(ﬁjsinﬂ + rcosf (_ﬁ}[ﬁ ] + 2(l]
Jf)r__,:-jﬁ f e Fiat . S dy 2 2/ 1
T . y the alnm.fﬁng— 1 ﬁ _3.\E.
(E]msﬂ—rsinﬂ (_ﬁ}[EJ_g T]

222. (E) v, = 0 since the ball starts from a rest position.

) =0 when the ball hits the ground. Now we have s(e) ==16¢" +5,

Thus when r=3, & =16¢"=16(15)"=3600 ¢

dx dy dy  dyldt 3coss cost

— =9 —6¢+6 and = = 3cost. = = =— = —,
293. (C) Wk T T il 99 —6i+6  2-2—3
22 (A) First, find v(t)=s(t)=3"+2¢t=5 A change of direction



——bhurr=10: =1
occurs when ## =0, Be+5-l=0=¢=1 3 My . To check

that a change of direction actually occurs, you can look at
d00=1s(1)=-2 s2)=8, Since there is a change of sign in the
position of s(t), you can infer a change of direction.

1
. . . f3)=—=
25. (A) Using tangent line approximation, you have 3
1
[ilJ f3)=—5=
the point of tangency is. 3J. the slope of the
3i 1
X=218——
tangent at 9. The -equation of the tangent line 1is
- ye=—sxal | |
9 or g 3. Inserting 3.4 for x vyields
1 2
p=——(3.4)+—=0.288
3 9{ ) 3
. ﬂ ) '}nﬂ=6x2-g—}=x+l
226. (C) Find 4 for each function of = dx dx . If

the tangents are parallel, their derivatives are equal, so set
1

b =x+1=2Bx+D)2x-1)=0= x=—;

)

2.

997, (C) Using f@+Ax)=f@)+f (@Ax sctf(x)=vx 4=144,Ax=-5 Then
f‘r{x] = _éx—lfl

Thus,
X X I[ -5 5
(144 = 5)= £(144)= F'(144}5)=144 + —=| —= |=12=—=11.79
/ fadd)-1 J 2[ ,—144] Z-um
2.,
, , E_ giv2 '*f—f‘=—3 _ ,
228. (D) Differentiate and 4’ . Differentiate
dy _ ¢ d”y _
dt and 4t . Therefore the acceleration vector is (=8.0),

dt

(D) s =‘j[£] +[EJ = Jfﬁr"}“‘ +¢ =rw./“9.r2 +1
229. (D) Bt

N}
N}



v-=

?"J: s ]n'¢13r>
230. (A) The velocity <2 . The acceleration

—_ 5*,(:,>
<4 . Evaluated at ¢r=4, the magnitude of the

pix
Ly 2 L 4y +576 =576 =24
Lzl:J[—E{ai)% } +[6(4)] = Jm{ B :

acceleration

231. (B) ale)=v(t)=2r=2, (Over the interval 0=:<5 a(t) is

initially at «0)=-2  which represents a deceleration, and
increases to #(5)=8, The increase in @ =8-(=2)=10,

}r=x*r—2isﬂ=lx
232. (C) The slope of the tangent to dl The slope
1 1 dy T
=—x4+415 — = == forx=—
0 £ 2557, Thus, dx g At
m:l,},:(l] el 32 -ﬂ:,[i,-_?ﬂ]
4 4 1616 16 416 ) 5 4 tangent point. So

L.

=t T :_l .
233. (A) When r=0, (\e)=(L1) g ¢ = so the equation
of the tangent line is W~ =-1x-1)=y=2-x

ﬁ rwc‘5‘+m.nﬁ£
234. (B) Apply the product rule to find 48 40 and
%=r&ecﬂtmﬂ+3tc3d—;.
ﬂ_j—‘y_:—‘s-a=:+;:19r:m|I9'+mec:ﬁ%
dx  dx dr
e 9+ tan 82
Therefore, a6 FREESET A8



235. (B) When the ball hits the ground,
J10 V10

(=0 =16 +40 =0 = r =+~— r=
2, but r=0 2.

236. (B) First, express the angle measurement in radians.

o 2 o_ T
120° =22 _ =— , ,
3 radians and 90 radians. Let f¥l=sinx 5 = the
2T . S
. . =— Ax=—. f(x) = cosx
approximation 3 and 90 and

(B}t g2l {2 ) )

r

[1] = (.849
90

237. (C) #)=5()=9r2=25 At time =2 »(2)=32fi)s,
238. (A) fW=3"+2 and FEU=5 An equation for the tangent
is then
y=FfED + FA-Dx+D) = (1P + 2(-1) -1+ 5(x + D=~-1-3+5(x + 1) = y=5x+1
Ay
dy g 3 =6t _ t(t=2)
ds A% —3sine sint
239. (0) dt
2 Y _ gy
240. (B) For horizontal tangents, dx . Since dx , this

occurs at x=0, Substituting back into the original equation for
the curve, when x=0, »=-1

& _ .
—_ = —=28 = =
241. (E) and @ ° When t=2, 4 dr

Then speed = /8" +(=5)* =/64+25 = JE_E‘

& _,
elt

242. (B) vit)=s"(t)=106 =12 alt)=2v"(t)=10. At =2 v(2)=8ft/s 2(2) =10 ffs’



s ™ i—y| =—6sin 2[ E} i
243. (B) The slope of the tangent, e 4
1 1

pommal
The slope of the normal line g

244. (C) fi)=48= point of tangency is /@ =24= the slope of
the tangent at x=4ism =24 The equation of the tangent is

¥ — 48 =24(x—4) or »=24(x-12) Therefore,

f(4.3)=24(4.3=2) = 24(2.3)=55.2.

rﬁi'li’l‘i."ﬂl

245. (B) #l=9¢-6t and @lf=41)=18:~6 g0 the acceleration

1
equals 0 when 3.

246. (A) The slope of the tangent, m ..., is defined as
D b _s,
dx  dx . At x=2 dx

(C) Since the slope of the normal line is 12, and, taking

y—4 1 1 !
. . s s y=——x+4—
the point (2, 4), we can write x—2 12 or 12 6.

247. (A) vle)=s"(t)==32¢+256

(B) At the maximum altitude, ®# =0 so —32t4+256=0 or tr=8 s.
The projectile reaches its maximum altitude in 8 s. Find its
position at 8 s by applying s(8)=-16(8)" +256(8) = —1024+ 2048 = 1024
ft.

(C) al0)=v"(s) =-32 ks’



(D) When the projectile hits the ground, *#=0_ Therefore
~16¢*+256: =0, Factoring to solve for t, we find that r=0, 16.
The projectile lands in 16 s.

vt el

248. (A) v(t) =7'(¢) = {-2sin¢, 2cost) 4, ,
[gD ~J2, 2)=(-1.414, 1.414)
T =l ¥2] - E] i
(B) alt)=v(r)=(~2cost, —2sint) At E, .«zl[.r]l—( 2[ 2 ] 2[ 3 >_< \E,
£)
_2[7 '<_£, —J2) = (-1.414, -1.414),
() = r'(t) _ (=2sint, 2cost)
(C) [Eadtal -J{—Z'-:inr}l+{2m5r3 which simplifies to
r 2 J_>
— -0.707, 0.707
(—cost, —sing), At time 4 < 2 AT }
N I’(t)  (—cost, —sint)
(D) I7@] ‘J*“I“ﬂz+{_5h”}; which simplifies to
, 2 JE>
{—cost, —sing). At time hm_<_7’_T = —{l?ﬂ?}.

249. (A) The slope of the tangent 1line equals
b _dylde _ -5 _

de  dslde 37-2 at t=-1. Substituting r=1 into the
parametric equations gives us the coordinates (0, -4). Thus,
the equation for the tangent line is ¥*t4=-3x-0) or solving
for y,.P=‘3x‘4.




dy
;:D
(B) The tangent line is horizontal if 4 . Thus 2¢-5=0 and

p==
2.

dlx
Z=0 \
(C) The tangent line is vertical if 4 . Thus 3 -2=0 and

+

s | b2

250. (A) (A) vle)=s"(e)=32¢, o(1)=-32 fils

~ s(2)=5(0)  —16(2)* +150-150

=~ =—32 fis
(B) mmeT T 2 > AR
(C) ss0=0  when the penny hits the ground so
~16t° +150 =0 = z:J_r‘/]ﬁﬂ =% 5\6
16 4 . Since you also know that ¢=0,
£=Eié=3ﬂ6
4 S.
Chapter 6: Integration
n+l
251. (D) Apply the formula n+l Thus

5
J-If;w.ﬁ —3x + 1)k = % —x +x+C

252. (B) Integrate using partial fractions. Let A and B
represent the  numerators of  the partial fractions

1 A B
= e o —
x(x+2)  x  x+2  Then Alx+2)+8x=1= Ax+8x=0 gnd 24=1. Therefore,
1 1
A=— B=-— ) . ) . .
2, 2. Substituting into the integral give us,



1 1
j = —cix‘—jl l dr=1111|x|—l|n|x+2|+(f
x(x+2) 2x 2(x+2) 2 2 .

A . ) f:im=3xszix=>@=xzsix. ) jll
53. (A) Letwu=x’_ Differentiate 3 Rewrite 4 6
1 .
) ——cosu+C u:—lmsx"HT
sin u du Integrate: 6 . Replace 6

[ -
254. (E) Rewrite ¥ x +6x+9+4 (x+3)7+2 Let u=x+3, du=dx

1 1 | -
j- ew 3:iru=—tan_l{£}+(f i —l::m_l[x 3]+{T
Rewrite * # *+2 2 2 Replace 2 2 .

255. (C) Factor the numerator to simplify:
+5)(x—2 _ﬁ
L L= J.f.x +5)dlx Lsserc
(el Integrate: 2
du
d= by e i , J'_-us
256.  (B) Let w=x%+1, HRIT Yy Rewrite J4°*".

2
Integrate: ¢+ C Replace u: e’ " +C.

pr=—sin 3x

257. (D) Let #=3x dv=cos3xdx Thus du=3 dx | 3 . Then
jﬁxms 3x dx = xsin3x — J- ésinﬁx(f}] = xsin3x+ém53x +C

dx
258. (A) Factor the denominator J(r—ﬁ)(xﬂl. Let A and B
represent the  numerators of  the partial fractions

1 A B
= +
(x=06)(x+1) x-06 x+1, Alx+D+B(x=-6)=1 g0 Ax+Bx=0. Solve for A
1 1
= — B:——
a n dB SO that 7, 7. Thus
j , h :j Z ) dr:lln|x—{3|—lln|x+l|+{:'
x =5x—-6 J{(x—0) {x+1) 7 7 .



259. (E) Use integration by parts. Let #=¢, dv=sinxarx. Thus
du=édv and v=—-cosx, Then e sinx dx=—¢"cosx+Je*cosx+C, Substitute

a second time to solve the new integral. Let u = e* and

dv = cosx dx, Then du = e*dx and ¢=sinx. Now we find that
[e*sinxdx = —e* cosx+ ¢ sinx—Je"sinxdx+ C Combining terms, we find

g e 4
that 2] sin xdx = e (siny —oosx)+C or '[E smx—ze gl cosi} 45

j[5—3+é)¢x=5.r-zln|x|+l+c
x° X )

260. (C) Rewrite as x
261. (A) | sec xtan xdv = secx + € so that J(5sec x)(2tan x)dx = 10 s+
a.’x——+::':

262. (B) Apply the formula Ja Ine , a>0, a#1. Thus
) 5.‘
% e =

[5% di =

263. (C)

sin2x

-'-j-J{ll'l{ x)+sin’ x]lrﬁ 4J||1[x}£ir+ 4]:."1 “xav=4xln i1|—4r+ 4[%]— 4[-—:‘]—-]+{: =dxln |x] =2x —sin2x+C

du =B e 0 2 = ,
264. (D) Let #=x"+1, then 3 . Rewrite and
i::—lﬂ_2+f: u:—%+ﬂ
integrate: ¥ 3x 6 . Replace 6(x" +1)

CO5X COs X

" J*‘mx mcats B J’alnx wudr J.r;lnxzi'r -[gix—|n|wcx|—x+f

266. (D) Let #=3x and 4v=sec!xdx. Thus du= 3dx and v =rtanx + C.
Rewrite: 3x¢ﬂﬂx—j3tanx:{r=3xtanx—3|n|secx|+(f.

267. (E) I¥ﬁzj%‘ix+j%dx=j2a{x+_[gdw=2x+3[n|x|+(,‘.



d’ﬂ=3¢fx=ﬁé=tﬁc . l-IA?'"aﬁ'ru:
268. (A) Let u=3x, 3 . Rewrite: 3 :
u Ix
o il +C
Integrate: 3In(7) 3In(7)
o
269. (C) Factor the denominator: ¢ (x+2)(x—2) Use partial
1 A 2]
= +
fractions to solve (x+2)}x—-2) x-2 =x+2,
Alx+2)+Blx-2)=1= Ax+Bcr=0 24-28B=1. Solve for A and B to
41 I
f 1 n d 4 4. Therefore
j ;ﬁr =j Ll afx+j_” a‘rx=llﬂ|x—?|—i]n|x+2|+{.'
x =4 x=2 x+2 4 4 .
1 ; 1 Ay o Lo s
2 | 4 In(d)de = —In(4) | 47 = Ty
— = [4 n@yde =~ o) [ 47 =S4
271. (D)

; 3 N . I = l=cos2 | s 2 : : .
J-I:.\" = sin" x)dy = J--'f"'ﬂ""J-‘i“' xefe=—x 'J[ m o )fi": —-x 'Iirit-l“.[ Md\'= —i.\' ——l.t = lsme-!-L
3 2 3 2 2 3 2 4

1 1 x
dx=—sec |—|+C
272 (C) Apply the formula'[Jﬁ_i"-’fz—ﬂ‘2 4 € Then
j : afx=4[lJ5{x_]£ C=Zsu;_l‘_£+f:'
x:.fx‘a—di 2 2 2

273. (A) Let u=x-3, so x=u+3, Differentiate to get du = dx.
J-{u+5}ﬂ'%a'ﬂ=j{u¢+3ﬂ3}du=%+%ﬂ'i+c

Rewrite integral: Replace
1 %{x—ﬂ}g +%I{}r—3}'1 +C.
274. (B) Let w=x—1 then du=3xdc. Rewrite the integral:

Je'du=e"+C. Replace wé*+C.



di=3x dy = E = v dy
275. (A) Let w=x, then 3 ) Thus

SI[‘I

[ =3l g ganiie

276. (C) Use integration by parts. Let u=x", dv=¢"dx. Thus
du=2xds, wv=—-¢*  Then J¥’¢dx=—sx"¢"-[(-¢")2xdx. Integrate by
parts a second time. Let w=2x, du=2dx dv=¢"dx and vr=-¢*. Then
the integration yields —*¢*—=2x¢" =27+ C=~"(* +20+2) +

s i 2 _
277. (E) Let u=3x, Rewrite
] =
'[Elj'”dx——'[&’!"a’ e Bl 52 e
3 3In9 . Replace u to get 3In9
27 (D)
i3 2 % P g 2 o5 2 a4
278, (D]J.x (i +1}.;ix-=j(x"-+x"~m= +EtC= 2 2 4 C
2 2 . By
combining terms and simplifying, we find that the result is
a2 32 3 4
2 -;Gx +C:J;(HJ; +6x)+(:

279. (C) Use integration by parts. Let #=secx dv=sec’xdx. Then
du=secx anxds and v=rtanx. Now Isec’xdx=secxtanx— [ran® xsecxdx, Apply

the relation tan’x=sec’x =1 to substitute for tan? x and find
Jsec?x = secx tanx — Jsecx(sec? x — 1)dx = secxtanx — [sec® xdx + Jsu;x.:ix. Then
[ sec” x=secxtanx — sec’ xdx + In |secx+tanx|+C Combining terms, we obtain
stec';'xf{r=~:ecxranx+1n [secx +anx]+ C Then, dividing by two on both

. j&.u: xev = I[aLthanx+ln secx +ranx|)+C
sides, 2 .

280. (B) [x & }ﬁ: ey | ——i
280. (B) '[ 94”‘4 J jgﬂxlj‘ Use

substitution to solve the second integral. Let w=x",



di = Qxee = — = xdx
. Then

J[xé -+ il 4)5@&-:1355 + lJ#:%Xﬁ-"l(l]tﬂﬂ_] [E]"i‘(:
9+ x 5 2J 3 +u4*) 5 2\3 3 . Substitute

1 o 1 ) .
w:—x +—man | — |+ C
. 5 6 3

281. (C) -[x(x_ﬁ}[:xd'-zu":_[["'"’—Bxl—1Dx}c£r=:1i-x4—x'*—5;.;~"+{j

_l =12 —- 112
2- (A) I_t}'[ ;;:x”z’ ﬂiﬁ— 2.-:'l.- ﬁi‘f =}2rﬂ"ﬂ— X EJ.'{?C Then

sl

\)
o

:

X

\/_ d = ZI sinu du= —2cosu+ C
X

oy

Substitute #: —2cosyx +C

yi s
J 3x s T . Jg, d + j s jﬁx ‘dx=3x+In |x|+E+C
. (D) x ¥ *

\)
[N}

2 g T s
J.Ex 14 x" di = jﬂ”'dﬂu =§:¢3‘+(,

\)

4. (E) Let u=1+4x", du=2xdx. Then
. 1 E(l+x2}5’u +C
Substitute 3 .

3x+5
285. (D) Begin by factoring the denominator J‘xz+3x—4 . Apply
integration by partial fractions
3x+5 A B
= + 3x+5=A(x-1)+B(x+4
{x+4}{x—]} x+4 x—1 r {x ) (x :I Thus’ A + By = 3_-( and
. . A=L E=§
-A + 4B =5, Solving, you find  that 5 and 5.
J‘-ﬂa&: i O WL O T BT O
x +3x—4 x+4 x+1 5 5
s Sau) 10,
dit = Sdx = — = d¥x. _ Jf [—J——deu
286. (B) Letw=5x-1 5 . Rewrite: >/ 3 .
ifﬂ +C lfﬁx—]:' e

Integrate: 5 . Replace u: 5



] d‘” ]- ——_
dfi=5ﬁ&';‘*ﬁ={ﬂx‘ J.El {?]=EJEI e

287. (C) lLetu=3x 3 . Rewrite:
T . : IP* y
sz = +C e +
Integrate: 3In(21) 3In(21) | Replace  3In(21)

288. (D) Let u=x—1 then x=u+1 and du=dx. Rewrite:
1, 1.
& 7 i) (e e +C
Jau+ D du = J(u” + 0" ), Integrate: g 7" . Replace
1 o] .
i: gix—l}w:{x-l}’ +C

!

289. (A) Rewrite the integral: le'dx—Je*dx. You can integrate

the first integral as it stands, but you must use u—
. . . _ d'&=3(15r=bﬁ=dr:
substitution on the second integral. Let #=3x, 3 .

N .1 1 1
fo(l —e  Jdn=g"—— Jﬁ”du =~ C = —— +C
3 3 3

You now have after

substituting back for u.

290. (B) Since Inx and e* are inverse functions, the integral
: lxj—lx2+x+ﬂ
reduces to l(x*—x+1)dx, Integrate: 3 2

; f ;
. . . du = 3x dv = =2 = Ky
291. (C) Let w=x'+1. Differentiate to find 3 '
11
. = j —du i In |u|+ C 1 l1|1 |«* +1]+ C
Rewrite: 3J # . Integrate: 3 . Replace: .

292. (D) Use integration by parts where #=sin’x and dv=sinxdy.

T h u s du=3sintx cosxdx and » = —cosx Then
[ sin® x.dlr=rw—Jvd:f=—msx31|1_3x+j351n2xc032 xdx Apply the relation
costx =1 — sinx to the new integral. Now
[sin® x = —cos xsin” x +3 [ sin? x(1—sin” x)dx = —cos xsin® x + 3 [ sin” x de = 3] sin4}.'a'ix'_ Then

combine like terms to get 4lsinx= —cosxsin®x+ 3Jsin*xdx Apply the

J 2 x  sin(2x)

1 ; sin” xdv=——

integration formula 2 4 . Now we have
4' B 2

4]5'11]4 xdx = —cosxsin” x + 3x 3 Fsin(2x) e

’ ! ' Then



sin” x = ——cosx sin” x + —— +( =——cosxsin® ¥+ ———ginxy cosx + C

J 1 4 3x  3sin(2x) 1 3 3x
B 16

1
di=—d o —_[ de
293. (A) Let u=lnx, T % . Rewrite in terms of * e

111 2 o
E[E“ ]“::E” e i +(nx)’ +C
Integrate: ' Replace 8 .

I - _I d.'x=J.—l£dx
29 (E) Rewrite ¢ x"—6x+9+4 (x=3)"+2° | Let w=x-3,

J - du —tan][ ]+C
du = dx. Rewrite: ¥ w" +2° Integrate: . 2 . Replace:
u:ltan ( 3J+C
o 2
295. (C) Let # = cotx then du = —cscixdx. Substitute
Jese?x cotxdy = —Judu =—£+(:=—lcnt2x+f:
2 2
2 2.1
fﬁ:ﬁ-j:—'_ =—=—
296. (A) Arx=5, —15—4 6 3 is the slope Then the
2,4 l .-5——
equatyn f(4.5) = —{45}——+—In6=slﬂt}{}—1666+14353126?“|| .
P T |
(C) x*—3x—4 Use integration by partial
J x—3 _ x—3
fractions. Factor the denominator ¢ x°—3x-4 (x—4)(x+1)
e = 4 + = Ax+ 1)+ Blx—4)=x-73
Then (x—4)Mx+1) x—-4 x+1 ) So,

1
A —
Ax+Be=x, and A-4B=-3, Solving, we find that 5 and

g:i
5.

Then

j ————dx= ‘[ ”5 J A dx——ln|x—4| 1]|x+l|+(
' =3x—4 x+1 . At x=5,



{]'f)'f; = (4.5)= éln{zi.s— 4}+§m{4.5+ 1) = —0.139+1.364 = 1.225

112
12

+C=t+2r""+2

o) = [0+ de = [de+ [ dr =1+ 5
32
32

3[¢J=f[t+2¢”3+2}d¢=l:"+2r—+23+(;=l,3+if +2:+10
W 2" "3 2" 3

297
(B) 2
32
P(£) = [(200+ 9¢"% = 5e)de = 2008 +9 = —5r1+C:z{}Ur—6r5“—%:2+C
e B
B B2 Ao L _ _
9 8.(5(>A) P(4) = 200(4) + 6(4) E{ai) + 2000 = 800+ 48 — 40 + 2000 = 2808
1

MR . =]100-5 =100g——g* +C .

299. (A) wut =4 g 1747 . Since the manufacturer

receives nothing when nothing is produced, Mfiul0)=0= C=0

1 5
":w-Rnlm =100g ——g°
Then . =3 :

1000 = mug—éff = ¢° — 4004 + 4000 =0 = (g — 200)(g — 200) = 0 = ¢ = 200

(B)

(C) Revenue  begins to  decrease  when ME,u=0  or

1,
100g = Eq'=> g = 400

3 5 3 3 x.!"I‘ 33
= | = dx:—j h'gg': = — + = JL-I-(-:
mix) J. Ey'x 2 x ey =3 X

300. (A) 2 . Since there is

no mass zero distance from the left side of the rod, m0)=0,
Thus, C=0.

(B) m(2)=(2)" = V8 g ~2.83 ke

(C) When x=6 meters, m(x)=(6)"=+216kg=14.70 kg_



Chapter 7: Definite Integrals

5 . - .
) Z P42 13 44 +5 =148+27+64+125=225
. =1 .

301 Or use the
w4 o (1) 25(36)
= — =27
formula Zfﬂf 4 4 5.
A 3%’ :
j(x%—bw4pﬁ=————f—+x = (64 = 24 +4) — 0 =44
302. (E) 0 4 2 ¥
P T
J 1 - (i‘[‘i‘=itﬂ.11 1(£J:| :lmn '[E]—imn '[Ejzﬂ.ﬁﬂz—ﬂ.iﬁzﬂ.lﬁﬂ
303, (A) T md+s 2 24, 2 2) 3 4

1

JAEpm—
4. (C) Since V16—x" has an infinite discontinuity at x

4, the integral is improper. Evaluate
&

(%)

& 1

J =0 r f e =lim r I - 1[ x H
v = li _ —_—dy = i ———dax=lim _sin o
I 1= xl k= [ Y xj k=47 ||4: . J__y =i 4 If

r;dx_i
Since the limit exists, " «16—x Z

= b

i o 2 4r° ; 2 2
(r—cosx)dx=——sinx| = —sin(27)—0+sin0=20" -0-0+0=21
305. (D) o 2 2

& P
_[ (5—x)dx = 5x—lx?’I =k =3k -0. Ser—ié" +5k=-12
306. (D) 0 24 2 . Then

k¥ —10k—24=0. Factoring, we get k+2k=12)=0=k=-2 12, Since
the problem states that £=0, (=12,

()
-3

307. (A)



E; Iajril:f-}.!]:n"z? |“:+ hj:”:E.h I.i: +',5!Jr"z: _1'=n:[W] 4 gni[ﬂﬁfml.:.lj=.3‘.»'[n+'|:|[_t.u+li+ i+ Iy= u'{u+l)[ :. "+ ':__u

A
du = 2dx dy=—
308. (C) Let B33, 4 T Substitute
51

|
J‘ nl[Zx)aix'=J‘lsinu du=——cosu+C ) .
2 2 } Rewrite with

jm'{z o uodd - R W R
X SN X =——008.LX =1 —_ = — — =
2 2 BN B

0

[N]
()
Nej
—~
o
~

HLL | 1 0. | e [, o A .
{r'—r+1]:£r:~_-r"—-r“+r} O = Ll S g L
2 ;B 3

Tt
I
e

T3t D = k- 3 —1

B s

310. (B) Set 2x—4=0; x=2; thus R¥—4|={2x-4 {f x22 -02x-4) irf

x <2} Rewrite
[i 125 = 4| dv = I} ~(2x = 4) dx + [S(2x = 4) div = [=x* + dx]} +[x" = 4x]; ==(2)° + 4(2) -0+ 6" - 4+8=20

™ du
311. (C) Let m=cosx+1, du=-sinxdc. Rewrite: -[u # . Integrate:
~In |,=='|]':;rf‘1 =—In |cosx + I|]::“ ==In|0+1|+ln1+1l=n 2=l |l|=In|2|= 0.693
[i]
.., lim, Mj v =1=¢"* .
12. (C) The limit L which approaches 1 as

]
) ) edy=1
k— = so that the integral is convergent and j- .

313. (B)
&
J (2% —3de = x" —3x]", = k" =3k —16+3(—4). Set b* =3k —28=—30= ¥ -~ 3k+2=0

Factor the polynomial to find *#—2){k=1)=0_ Therefore, #=1, 2

but #>1 so & = 2.



)rz‘lal.v%dr =J¢1J~'r_”;_dr - EI'LQ]_-: _ 2{1_3}];1 —2(}'.'}”2= Ex—EJ; _ Z(I—-\,{;]
b + ¥

31 (C)
ﬁ=i(2:.:—2xl“]l=1—:::_"@=2~—L
Then @ @ J;
315. (E)
_[*(x"——zx+1mx=lx-‘—xl+x] Ly sr2-Ligraa2=10,12_g1
-1 3 2 3 3 3 3 5
316. (D)
E A3 P EEE R O R gy 0,55
‘ o 4 6 4 6
317. (C)
w2 iz w2 2 . iz
J sinzxrﬁ{:l'l. Ifl—coslx]lafr=lj dx—lj cnsixdr=£—51n2x1 wt
0 240 240 290 2 4 4 4
318. (E) Let w=x+1. Then x=u-1 and dv=du. Therefore

! 1 1 I P
j x(x+ 1) e = w—lzw”~‘*du=j (™ = ) du =f " d —I " du
f 3 [ ¥

o 0 Rewrite 1n

3 w3l 3 43 3 TR . 3 4f "
x:=(x+1) ——(x+1) :| ==(2)"7 ==(2)"" ==4/128 = =416 = 0.591
terms of 7 L 4 0 7 4 7 4 -

319. (D) Set #£-9=0: x=#43. Thus I¥'-9={x'"-9 if %23 or x<3,
~(x"=9) if —-3<x<3}, Thus,

I e e e o

-3
%xﬂ' - 9xi|_6 —[éx} - Qx]]l + [%xj - E}x][ = é{—??}+ 27 - %{—2115} —(-9)(-6) -

%{2?1 +27 - %{2?} F274 %{21{3} — 54— %m) +27 = 4(27) - 254) - %EE?] +

%(z1¢5)=144—3<;= 108.

1
i — e e = e i
: (A) Let H=\l!;, x=u 2x . Then

o
\)



x:j £ ﬁ:ze"‘?} —d Loy
1

i
2-[ e e =2€“]T ) .
| Rewrite in terms of

; du—lnfr:-ﬁ— xdx ljf”du=lf"+(?
21. (D) Let w=x", 2 Therefore, 2
In3 3 i - o
: %2 _[ xe* de=—¢ ] = Lwt _ L e _y 672 0.808=0.864
Substitute 2 2 b 2 2 .
1
dy—2=0=x=—
322. (C) Set %, Thus
[4x—2|={4x=2 if x22, (4 ~2)if x <2} Rewrite integral:
1] {1
£ g - | I ) _:1 I"l O {3 h?
'[“ '—{4.1-—zme_lr_éx—1m—=—%+le +’%—2xl_!=- [;J+z[%}l—m%—zm—%u{ﬂ:1z+:—1=13-
. J-ﬂ‘du o +C
23. (C) Let w=tnx, du=sec’x. Then 3 . Then you can

—substitute x in the definite integral:

re
J tan°xsec’ xdy = imnjx:rm=l{tan‘3[£]—tanﬁﬂ]=wf__ﬂv=ﬂ=ﬁ
3 3 3 3 3 .

il w2 1F
o Jamalg)e{3)57] -
324. (A) Yo 2 2 2/ 3 1y . Evaluating, you get

él_lkﬁ"izu . .l%”‘\ =l &:l
3 . Solving for k, you get 3 or 9.

25. (D) Since f(x) has an infinite discontinuity at x=2, the

: |
J ——dy = |lmj
integral 1is improper. Evaluate ** *u"x-z Fax Let

— 142

I . . .
u=x-2 and du=dx, Then-[ you can rewrite the definite

3 1 3
lim .+j —_——dx=lim, 42 x—2:| =23 -7 =7
. byt : f=2 5
integral bofx—2 "



du=3dy = —=

326. (B) Let u=3x,

, —_[ ‘de=20_
Rewrite: 3 3In10
10"
= 144,76 - 0.144 = 144.62

X
Substitute 3Inl0 |
1
du = —dx
27. (E) Let u=lInx, x
X in the

2
I

xlnx

du = Exr,ir:a—

328. (A) Let u=x",

LL[@][
the derivative of @ \du

329.

j "jﬂm J (5 # 2y = _': "'!"J] =%m]“

" 0
330. (D) M _-"=-=»1+Jc2

1
i ix
10%* g = 0 = 2
3In10  3In10

j—da=]n|u|+ﬂ' .
Then ¢ u . Now substitute

definite integral:

r : dr=ln|ln|x||} = o flné?] =t fle]= h2=0= n2

‘I &
=— )
Then ” 2 ”aﬁr;. Taking

1 1 2 iz 2
—] = Emsu{lx) b ECDEEI N2x)= xcosx

(C)

" W o W 2 2 2
—={4y "+ 29" =24 ==(27)-=([B)+ 23 -2A2) =14~
3 3 3 3

o 1+x° . FEvaluate each part of
the integral separately.
JI “_Ix: dy=lim, _l.: H_I 5 de =lim,_,__an (%) =lim,___[an {0} —an ()] = % Then J‘-“ : +|x: = %4- g- =T
331, (B) F(x)=tan "]} =tan '(x)—tan ‘{El}.

AT | T 1
— = an — |=—ran ED - {14823

to

Alternatively, you can integrate

find

flx)=ttan I!-Elu{r +]]1 = xtan I_x—%lnl[.x +1). ﬂmﬂfﬂﬂ—mn ¥ — —[l] i =@an'x

o
o
\)

1+ x" 2 1+

(C)



J-.I,‘-f“' — 3)(x* + 2)dv =f:',{.v‘ ~3x" 4+ 24" — ) = “;“%T* Ta *M].. g ﬁ'%*%‘ﬁ'[%'é';%"ﬁ]:'l”i
= o *
J z;”f’*:j ———de=lim, [ ————a
333. (E) D x" —=3x+2 o {x—2)x—1) o (x—=2Wx—1)
Solve integral by using partial fractions. Set

1 A B
= +
(x=2)(x~-1) x-=2 x-1_ Then A=1+Bx-2)=1 Therefore Ax+ Bx=0
and -A-2B=1. Solving for A and B, you find that A=1, B&=-1.

Now you have
liw, '-J.-hth[x-n'{H""" 3 j' 1£J.¢5.'+|i.|:1‘ _ _[_'I’_lduiim, Do je= 1+ I — 11 1= lim, __ W0k — 20k — 1)] ~Inl(0 = 140 = 2)] = os
5 d =3x'}'dx=‘,~d—ﬂ=xldx’
334. (C) Let u=x", 3 : Therefore,
lj- l 2:i'u=—=.|n 'u+C
34 V1-u Re—substitute
1
1 2
%z :J‘:—.a"x=lsiﬂ_lxj =isin_ll[fl]—l:‘.in_]l['ﬂl'}=l ol
0 of] = x° 3 3 3 e ] s 6
o
35. (A)
% = % s:; [I—ér]ﬂ'&‘ =[l—%msx]?j:(cmx)—(l—%sinx]i(sinx}=

1 1 1
—sinx[l——mst—me[l—Esinx] = —sinx+ Esinxcmx—msx+55inxmsx =

SiN X Cos x = sin x = cosx.

336. (D) Let u = cot x, du = -csc?xdx. Solve the indefinite
. —Jﬂdﬂ=—£+(:
integral: 2 .
R e D 1 a C e u with
-~ i | 7
rj csc” xcot xelx = — = - + ==——t+==1
Ti6 2 Ao 2 2 2



|
die=—d
337. (E) Let #=Inx, T Rewrite and solve:
1 1
EJHJH—E

&
&

i
+C
[.2] X Substitute x into the definite integral:

fm_xﬂir:lﬂnx} ] =i'[lm:*]lz—i{lnl}‘?=i
1 9x 5 2 10 10 10
T N _E e
L[,j; :{’Jaﬁr _j (x7" — k) = 1 k] = 2x — ke ] =12
338. (B) 2
-2
Evaluating, you get 6—-9k=12 or -
et | 1
du=2dy = —=dx — di = —
339. (D) Let w=2x, 22 "% Rewrite: 28MH=51W
in l ¥ 1
gilx}ldr=—f{2x}} =—[f(2r)— f(0)]
Then jﬂ 2 o 2 :
jlgﬁuzltl|xr|+ﬁ
340. (A) Let wu=eé¢"+4, du=e"dx. Rewrite: H . Re-
S u b S t 1 t u t e X:
Y-J'm AT e 4] = Infe" + 4] ~In "’ + 4 = In(9) ~ In(7) = In| >
F.|n_5ﬁ.x+.{j_ = ln |& Inﬁ—l’li:’ n|e = in n = ?
2
) J.u]fzzfu=zﬂ +C
341. (C) Let w=sinx, du=cosxdx. Rewrite: 3 . Now
S u b S t i t u t e X:
: w32 ‘ 312
AT 1 1
e 2 o =
W S ) N O B
do T L 3 3 3 12 6
342. (C)

G{J.'}=-[|1|I:x}a.'x=x]u x| -x+C=1n1-14C=0=C=1.G(2)=2Ih 2-2+1=2Ih 2-1

343. (B) Use integration by parts letting w=¢* and dv=sinxdsx,



Then du=etdx, r=—Cosx, Then le®sinxdx =—e" cosx+]e" cosxdx. Use
integration by parts a second time. Let #=¢", dv=cosxdx. Then
du=e"dx, v=sinx. Now le"sinxdx=—e"cosx+e sinx—e'siny., Combine terms
to get 2le'sinxdv=—-¢"cosx+esina, Then, dividing both sides by 2,

Iff”sinxdx=lf”sinx—lf?”msx )
we  get 2 Now evaluate the 1integral

including the 1limits of integration. You now have

Al I ETAE | il ; ; o
.[. e sinxdy = Er"sinxl - E:‘*:;m .'«:1 =%fr'[sijl%—uu%]——;r“fmlﬂ— cosll) = 21,.*'- = %(—I] ~ 1?[:"' +1)

F

1 1mn
ol g™ 8
344. (B) 645 i Je- 10 o (x=5)(x+2) _  Use 1integration by

1 A B
= +
partial fractions. Set (¥=3)x+2) x-5 x+2 Then
Alx+2)+ Blx=5)=1, So, Ax+Bx=0, 24-5B=1, Solving for A and B,
=1 s
you get 7, 7. You now have
1 1
w T N 1 L = b 850 1, |1
j'r 1':-—,1.1'rli'|l_-|'| .\"—5&1"_[\ x+2¢.ﬁ—?_tn|.1.—'5-|—;|r|.|.t+2|:|ﬂ —Fﬂn')—|11!2—|:1|+||33]—::||1m—T—_tn[?‘.
345. (C) Evaluate in the limit,
o 5 i 5
lim,_,_ iﬁaﬁ:=lim,}_m —X—I =1imﬁ;—}muj[‘ i 50
s 5 ] > . As k=, ¥ and
e [hoted ] z
L5 56 5 5] converges to 5.
C‘(:-;]—IC’(A‘MK—J[lx—z]dx—lxz—2x+f_'?—lx2—2x+2
346. (A) 4 8 8
- DY 0 -1 W N
(B) x 8 x dc 4 x . Solving for x, you
find x*=4 or x=\j'lq. Find the second derivative at this point to
4C_1, 1
test whether this is a relative minimum or maximum. dx* 4 3x’
) .. 1

1
: —_—t—=—=
At x=4, d' |z 4 12 3 so C/4) is a relative minimum.



(C)

40 40 Z
C(40) = _[ C(x)elx =J [-}{x ", E]d'r; = -'% - lx] = é{:im*’ ~ 2(40) - 0 = 600 — 80 = 520
L] 1} ':J .

i

4-0
Ay =——=1
347. (A) The size of the subdivision is given by * 4 .
Then make a table of values for f(x).
X )] 142 1 3/2 2 512 3 712 4
fix O 1/4 1 94 4 25/4 o 4974 16
A ; Ax =11+ 4(1) +9(1) + 16(1
Now compute _Z;=1 Je)Ax; = (1) +4D+5()+16(1)= 30
4-0 1
e BT 2
(B) Now 7 8 2 Then
11 1} 9(1 1 1 1y 4901 Iy 1 4 9 16 25 36 49 64 1
A=y, f‘f”’“‘=1[5]‘]lz]*z[ﬁ]‘“[EJ*‘[E]*"[EJ*?[E]*""[Ek;*;T?*??*?THE_
) .
A:j xzafx'=ix3]4=ﬁ—ﬂ=21i
(C) The area 0 37 3 3,
2 32
P{r}zj(mr—z:”l+10md¢=m’: . +100t +C
348.  (A) 2 . Evaluate at
P (0) using your initial condition to find C.

P0)= 5{G}+é{ﬂ}+1ﬂﬂ{ﬂ}+€=5{}ﬂﬂﬂ'=5{}ﬂ .
3 Then you can replace C in our

. 4 3
, P =50 == +100r + 500
equation to find 3 .

(B)

3 7 ) "‘i’ iy 3 4
Plir)= j (102 = 26" 4 100)dt = 5¢° —3-.!5" +100¢ + 'ili}[ilr =5(%9)~ g{}ﬁ}+:‘:{}f} + 500 = 500 = 338

(©)



_Pun-ro) _ 1

[5{144).._&_*'”%}4. |3;]g+5:]ﬂ_5{}(}} = L{?’21:!'—] 1141200} = 151
12 per

D 12
hour.
(A) v(e)= f alt)dt = j 15¢"%de =15 il +C =1 s(i]ﬁ” +C =107 +C
3 3
349. (A) 2 :
Use the initial condition for v (0) to find that

40) = 10(0) + €=50 = C=50, Therefore #?)=10F +50,

(B)

s(e) =In{r}a’r =J.“l}\(.f? +50)dr =I 106 “dr +j5nd; = 1[![%]:5“+ 50 +C =46 + 50t +C
. Use

the initial condition for position to find a value for C. You
know s0)=4(0)+50(0)+C =100,  Solving for C, you get C = 100,

Therefore s(t)=4t"*+50¢+100

(C) Use the result from part A over the interval from 0 to 5
5
, m{.r}=j a()de =104 +50]° = (104125 +50 —0—50) = 5045 = 111
to write 0 ¥ .

(D) Use the result from part B over the interval from 0 to 5

s 5
0= [ o0 =4 150 +100] = 40/3125)+250 +100-0~100 = 474
to write 2 J .

()
O



1

x+1)"

35
2 - 2 FE: 2 1
=—{x+1}”2] =4——=———=3— tons.
3 o % 3 4 3

33 35
MJﬂﬂ=ijﬂﬁ=%L(

dx. Let = x+ 1, du = dx. Rewrite:

as ds
% J‘ g % mum}}

]

) i -
(B) 5 Plx)dx = %[3%} tons. %{x+ 1 :L = % tOMs. %(.{F 1 % = % tOns.

(b+1)"? = E+% E=:»{J»§:r+1)"""=z:--f:r+l=£:w%-=ﬂ=lll feet.
6 3)2 2 4 4 4
A5 2 -
©) m= mﬂﬁ=§u+ﬂhl

3 H

%{36}”-’ —%can'“ =0.29 tons.

Chapter 8: Areas and Volumes

51. (B) The exact area is computed

3 K|

3
‘[x‘? +2£€fx=[%+ zx} =9+6=15

i 4]

The approximation using 3 midpoint rectangles is computed

: . 3 3 sY . 9 .17 .33 59
;f(&)[T}—f[EJ-Hf(E)-I+,f(5]-l—z+?+?_T G 1475

where x; is the midpoint of the ith subinterval of [0, 3]. The

difference between the approximation and the actual area 1is
1

therefore 15-14.75=0.25 or E

352. (E) The area of this region may be attained by computing

T
Jlsinx—cmxwfr
I



Note that

COsX — sinx, if D‘_‘:-x’-'_iE
sinx=cosx | =
u k s T
sin x — Cos X, if — < ys—
4 2

Thus,
mil "4 "2
J‘ |sin x — cos x| dx = j (cos x — sin x)al + J (sin x — cosx)ex
il ] mid
= [sin x + cos x| :Tm + [—cos x — sin x] ?i’
=W2-1+1+V21=242-2 o 26/2-D)
sin x
anx =
53. (D) Recall that cosx. Then, when #=cosx  vyou see that
s —du
AN X dx = ——
w . Further, #=1 when x = 0, and #=1/2 when x=m3,
Therefore,
&3 1 A ; ;
jtanxﬂfx =J. L. |:|n |u:|]] =lnl-In [—] =ln2
u 12 2
L] L2
354. (A) You must solve for b in the integral equation
b ln s
5 ki
L ¥ . Under the substitution u = 1n x, the integral
becomes

(Inb)*
You have shown = 2 . This reduces to (né*=4 which is true



only when In #=2 or 1n #=-2. Exponentiating both equations
base e, you obtain é=¢ and #=¢*. Since b is stated to be
greater than 1, you see that it must be that é=¢.

55. (C) The area of this region may be attained by computing

j| =l

Using the graph, you see that

flx)= glx), if 0<x<1

If(x:'—g(x”:{g(x}—ﬂx], if l<x<2

Thus,

2 1 )
J | F(x) = g(x)] dx = j(x-'* = 3x® + 2x)dx +j;-;xf —2x — x"dx
il 1

x.1 % 5 | 3 ¢ xﬁ. i 1 1 1
= it e T | e | i e
4 ; 4 4 4 2

356. (D) The region in question is shown in the figure on next
page.

The area of this region may be attained by computing

, 7!
j P P T ﬁﬁ:ﬂ?ﬂ+2x+iJ o e g Bt | e e OO
2 4 s 4 ¢ de



The region bounded by the graphs of 7=¢"+2 and 7~ 2.

357. (E) It is clear from the unit circle that sine is at
least than 1/2 on the interval [mn/6, 5mn/6]. Therefore, the
solutions x € [0, 27 ] to the equation 2 sinx=1 belong only to
[n/6. 57 /6], and you attain the area in question by computing

Smia
.[ 2sinx — ldx = [-2cosx — x| = [J_ - Sm’GJ = [—\E —m{;} - g(ﬁ_ %]

Tt

358. (B) You need to evaluate the definite integral i 2xInxdx,
You proceed by integration—by—-parts, setting #=Inx and dv=2xdx

in the formula Judv=wv—|vde to obtain

j?xlnxaﬁc =[x’ Inx] - dex= e’ —Iif :| =¢* — [f——%] = %l:r.’! +1)

359. (D) From the half-angle identity for cosine

5 14 cos(2x)
cos {x)= T

and the observation that »=<os’(x) jg symmetric about the y—axis,
you attain the area of the region in question by computing



i wi PR L 5
EJ cos” (x)dx = j I+¢:ns(2x}¢1{x=|ix+m](“x:'} L
0 . 2 i 6 4

360. (D) You see that when x=4, f(¥)=2¢>3  Spolying for x in

) . x=2|n[;)¢:¢i
the equation 2¢"" =3, you see that 2 . Therefore, to
find the area of the bounded region, you compute

4
J 20 — 34 = [d‘if'ﬁz - 3x]‘j | 3~.| =[4¢* - 12] - [6 -6 l”(%ﬂ

4. —

. L2/
bl B
L2

=4¢* + 6 ln[ij - 18
*

361. (C) From basic trigonometric identities and algebra you

see that the expression simplifies to

SeC Xt osex
—_— =X
1+ tan x

Therefore, the area is the value obtained from the computation:

23
mia
cscxdx = I:ln | csc a = cutxl] "

il

xih

3 1
= In| == = — |~ 102 = f3) = ~In(y/3)} - In(2 = 4/3) = 0.768
I[ﬁ J?:J 1 '

362. (A) The area is given by the value of the integral

J | Flx)— g(x)| dx



where x¥=r and x=s5 are the bounds of integration. To find these
bounds, you solve for x in the equation ln x=3-2 1ln x. Adding
21ln x to both sides of the equation and dividing by 3 reduces
the equation to In x = 1. Exponentiating this equation base e
yields x=e¢. Therefore, your bounds are r=¢ and r=¢. Further,
since In x—120 when x2e, you see that fxzglx) for x € [e,

e2]. Therefore, you compute the following integral:
,%J‘ lnx=1dx=3xlnx— Zfo__} =3[(2e® = 2e° )= (e = 2&)] =3[0 —¢] = 3¢

363. (A) Upon consideration of the graphs of the functions in
question, you see that the area is attained by computing

o o
J cos(x) — cos(2x) dx = |:sin(-‘f) - %sinﬂx}] = sin(@) — %sin{ﬁﬁ'}

where 0<6=r 1is the nonzero solution to ¢oslx)=cos(2x) By the
double angle identity for cosine this 1is reduced to the
eqluitiorlﬂﬂﬂx}=lcmzbﬂ—|, which is quadratic in cos Xx.
Subtracting CcOS X from both sides yields

0=2cos’(x)—cos(x)—1= (2cosx+D(cosx—1),  The only solution to this

1
. . . , . . COSX = ——
equation in (0, m] is @=2m/3, coming from solving 2.

Therefore the area of the bounded region 1is

fff»ﬁ
4

sin(27/3) —Eﬁm (4mi3) =

364. (B) Observe that

34 = EJ (x° + e =3 |i%+ x:| =a + 34 and B= S;. +2a
[

4] I



Therefore, you solve 34=8 for a.

: 8a° " .
aJ+3d=—;—+24¢$3d3+3d=Ra‘¢>ﬂ=dﬁﬂé—5}

a=,|—
Therefore, since =0, the only solution is 3,

365. (B) Observe that

24 = zjl de=2n|x]=2Ina ad B=Inb
X

Therefore, you solve 24=8 B for b:

2lna=hbe=b

I
. . x+===1 .
366. (D) You solve for y in the equation 4 , to obtain
y=#241-5"  Since you are considering the region above ¥Y=1 the

area is obtained by integrating

-[Eu'll—xz —1&-:2! l—x° dx—(s—#)=21—(s—7)

_;:ﬁ xl+y—j=l
and 2 are the solutions to 4 when y =

In order to compute the integral I appearing in the right-
hand side above, you make the trigonometric substitution x=sin @
in order to make use of the fact that 1-sin"8=cos’8. Then
dv=cos0 40, and the bounds become &=mr/3. Therefore,



3

I= j\/l—xafx ZJf.:us 646 = ZJ[M] 46

X

) T3
=|:9+ S|11[25']:| =g+\/§
0 -

2 4

where you have also made use of the half-angle identity for
cosine.

The area in question is therefore

i)l 33 * & 3

21-[£_[_£n =2_”+£_ﬁ_ 2 A3

367. (D) The area is obtained upon computing

j' %:{x)dx=j s fx?)d

1
e = a dc

You make the substitution #=x*, so that 2 and integrate

9

1 1
EJ flu)du = E{g{f}} - £(0))

368.

(E) The area of the region is obtained by computing

Jmsx—(f‘ —Ddx=[sin x—¢" +x], =sinr—¢ +r+1

where »>0 is the unique positive solution to cosx=¢"—1. Using a



calculator to find the x—coordinate of this point of
intersection yields r=0.6013467, Therefore, substituting in for

r, the area of the region is approximately 0.342526 which may
be rounded to 0. 343.

369. (C) Observe that x=1 when t=0, and x=2+In2 when r=In2,
Therefore, the area under the curve is given by the integral

242 I 2 lin 2
Jhw&=Jﬂ+€fﬁ=jH+2J+fﬁﬁ

1 0 1l

- In2
=[:+2f*+‘“—] ={111[2}+4+2}—[2+l]=|n2—1
. P 2 2

where you have used the substitution technique of integration,
observing that dx=1+¢'dr

370. (E) The curve is shown in the figure below.

The parametric curve: x=¢*+4r and r=2-r1,

To find where the curve intersects the y—axis, you first
solve #t)=0 to obtain t=0 and r=-4. Noting that dv=2r+44dr, the
area is obtained by integrating



&

il 0 3 0 ' | ;
J(z— (2t +4) dr = —z_[.r—’ el i [’——4:} w3 { B m} =—2[L‘3J= 2
; T 3 3

This may also be computed by observing that r=0 and t=-4
correspond to ¥=2 and =6, respectively, and integrating

[ —i 3 4 _
—Jxa’y=—_[—[.r3+zir}a’.r= [r—+2ﬁ] = |iﬂ+3g]=£
' 3 5 3 3

2 4]

where the negative sign appears in front of the initial
integral since the curve being to the left of the y—axis when

integrating with respect to y is analogous to the curve being
below the x—axis when integrating with respect to x.

71. (E) The region in question is shown in the figure below.

The graphs of r=cos28) and "~ 2.

You first observe that the only solutions in [ - m /4, = /4]
to the equation ws280=1/2 is #=+n/6. We therefore see that the
area may be found by subtracting the area inside the sector of



the circle defined by r=1/2 from the area inside the curve
defined by r=cos28 when we allow 0 to vary from - m/6 to
n /6. The area is given by the following integral:

X6 2 miG
= [mﬁzej—(%] ]dﬁz | [—'*‘T‘im—ﬂ 40
; 0
_ [E+ sin(46) ar B

2 8 4

24 16

w
-

(B) The polar curve is shown in the figure below.

r=3+2sin@,

The area of the right half of this curve is the result of
integrating



qiz mil

= J r‘.sJH:l (3+ 2sin@) 46
2k 2 4
-2 —xl2
1 sz‘E
== (9+125in8 + 4sin* 8) 46
pr _;’r;:
] i‘!'.-'._"
=5 (9+12sin @+ 2{1 — cos(20)}) b

o
fEL
=i

= {99— 12cos0+ 2 {9 - “’i“{gg}}]
7 )

= %[(91:!2 + 26{m 2D = (9m/2 - 2{ri2})] = ”T'T

373. (C) The length of each square cross—section is a function

of x given by fif]':z\[;, and therefore each square has area
Alx)=4x_ The volume of the described solid is thus

3

JA{x]dx=[2x2 ' =18

il

374. (A) First, observe that the points of intersection are
3

—=4=-x

the solutions to the equation x , which may be rearranged
as x —4x+3=0 and thus the solutions are x = 1 and x=3 (these
appear below as the bounds of integration). The base of each

rectangular cross—section is a function of x given by

:fr{mz‘}:-’-i—x—E
%, and  therefore each rectangle has area
A{z}=2(4—m-i]
*J. Therefore, the volume of S is the value of the

following integral:

:ﬁfI{x}a&=23 4—:3:—i ;dx-’:{l.ﬁ
i3] [ee ]



where you have used a calculator to approximate the integral.

375. (C) The side of each triangle is a function of y given by
$0)=2-2"" Tt follows that the height of each triangle is given

5

W= 2-2)

by , and its area, therefore, has the formula

5

3 2
Aly) = T{E —&

You compute the following integral to find the volume of the
solid in question:

1 I
jﬂf}*l dy = %j (2—-27Vdy = 0.887
1 1

where the bound *=! is the value of 7=18:(¥) yhen »=2.

376. (E) Fach cross—section perpendicular to the x—axis will
be a circle of radius r=Ilnx. Therefore, the volume of the solid
is the value of the following integral:

i

Iﬂhxfm'

You proceed to integrate by parts, setting #=(nx* and dv=dx
in the formula lwdv=uv—[vdu_ Therefore,

In{ln xVde=n [[x{ln N e ;z_[x['"—x] afx]
] X

= :ﬁ‘.‘| [x(ln x)* ]'; —2xln x— x]T;

= m(e(ln €)* — elne—e)+1])=mlc—2)



77. (A) Observe that the left— and right-halves of the unit

e T 2 — i

circle are defined by the equations ‘==v1=3" gnd r)=+yl-y
Furthermore, observe that each cross—section of the described
solid is that of a large disk with a smaller disk removed

"

(called a “washer” ), with area AW =a2-/"=7(2-r) symmetry
about the x— and y—axes, we see that

A()=Alr(2- 1) —4m]=4rn(l= 3" +4y1- ") g y varies from 0 to 1.
Therefore, the volume V of the solid is given by the integral:

1
f=j1h— L
Let 0 X y. In order to evaluate I, we make the
trigonometric  substitution »=sinf  Observe that under this

[ g
substitution you have that V177 =cosf and dy=cos8dll; moreover,
the 0 -bounds of integration become #=10 and 8=mn/2. Thus,

2

) a2 : B l.‘:-'l - ) l S]n{:lﬂ] i
[ = J'ms 046 = j{]+msf2€}}.¢'9—2{9+ - }
0

] i}

Therefore,

3 1
V' =4r |:1.'—}—:| + 471 =4H(E+H]=8—H+4HR
L 5 3 3 %

378. (B) Fach cross—section of the described solid is that of

] o
& -

a washer, with area Alx)=mll+tanx) —m(l-nnx)" By symmetry about
the x—axis, we see that Alx)=2lm(l+tanx)” = (1)’ ]=2m(tan” x + 2tanx g5 x
varies from 0 to m /4. Therefore, the volume V of the solid is
given by the integral:



w4

V= EFIJ-{m_n x+2tanx)dv=2r1 Jt.m xdr+2jtm1xﬂ.’x =2n(l, +21,)

[

To compute Iy, observe that tan” x =sec’ x=1. Therefore,

i . i T
[ = Jsec‘x—ldxz[tanx-x]’uf"’ =I—E

V]

sinx

X
For I,, observe that cosx. Therefore, we substitute u=cosx,
observe that du=-sinxdx and integrate with respect to u:

]jg af'u ] Wz Im2
1

—In |u| =—
i 2

Combining these results yields our volume:

V =2r(l,+21,)=2n (1—%+1n2]

379. (C) The graphs in question are shown in the figure below.

5

4

3
1 I 1 1 1 1 I 1 1 1 1 = 1 1 1 1 1 1 1 1 l 1 1 1 1 I 1 1 1 1 I 1

=15 ~1.0 -0.5 0.5 1.0 1.5




Graphs of »r=secx gnd r=2.

Observe that each cross—section perpendicular to the x—axis
is a washer having area Alx)=4m—msec’x, To find the bounds of
T

x=+=
integration, we solve flW=2 o obtain 3. Noting the

symmetry about the y—axis, the volume of the solid is the value
of the following integral:

i3
2r J 4 —sec’ xdx = 2x[4x — tan x]”ﬁ = 2?:{4%— ﬁ}

380. (D) First, notice that the two curves intersect when x is
2

a solution to > *~%. This equation reduces to x*—3x+2=0,

which is only true if x = 1 or x=2. These solutions are the

bounds of the integral below.

Each cross—section is a washer with outer radius #=4-x and

2
r=1+—
inner radius x. Hence, the volume of the solid is computed

thusly:

EI[H—;:}E—(H%] ];&:x ((4—@-’-1-%— ijdx
« X

(4- x}.'t £

=x|- —x—éln|xl+i]
x

= (—E—'ﬂn l]—(—9—1+4}]=31’|i1_—ﬂ—4ln 2:|
3 3

w
—_

(B) The base is depicted below.



Observe that the hypotenuse of the right triangle may be

1
r=—x+1 B

represented by the equation =~ 3 fromx = 0 to x=3,
Furthermore, observe this is also the side of each square
cross—section at the point x. Therefore, the volume of S 1is

equal to

1
g=—=x+1
In order to compute the integral, you set 3 , hoting

that under this substitution 3de=4dx, with u-bounds =1 and #=2
Thus, your integral becomes

¢ 3
3_[ sl = 3[”—}
l 3

=[] =8-1=7

1

2z
1

382. (E) Each cross—section perpendicular to the y-axis is a

washer of area AW)=mla"=y")  The volume may be computed in
terms of a:

il 3 T j }
2 ? 2na
ﬂj‘{ﬂj—_}'“}fg}fzj’r{g‘y__‘j;_} =ﬂ'[&;3_{z_]= 4

3
18w = 2k

Thus, you solve 3 for a, to obtain a=3,

383. (B) See the figure below.
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X
A cone generated by rotating 7~ 2 about the x—axis.

An easy algebraic solution follows from the observation that
the revolution of the triangle fills out a cone of height 6 and
base radius 3. Hence,

{. AR

i =%ﬁ&?6=wx

For a solution using calculus, note that the hypotenuse of
1

the triangle is described by the equation ™ from x=0 to
x=06. Therefore, the volume of the cone is obtained by the
following computation:

il = 4sinfcost = 2sin(2¢) and 2 = 2 cos(2r)
384. (C) Observe that @ dt .
Therefore, the surface area is given by the following integral

computation:



w2 2 2 w2
dx dy o w0 T
._[My\’[dr] +(£{J dr = jlmm[lr}l\/zism (2¢) + dcos”(2r) dr

m'? : il
=4 J sin(2¢)dr = 4;1'1:|:_ ':“5;3-?]:| 32 .a;jr|:l + l:| =4r
il

0

where you have used the Pythagorean identity sin‘f+cos’f=1 at
the third step.

= Bpamd
385. (B) Observe that dt . Therefore, the surface

area 1s given by the following integral computation:

3

forn( 2]

You make the substitution w=4r*+1, so that du=8:4r and the u-
bounds run from #=1 to #=5. The integral thus becomes

s o] a0

& .o dy
Lo Dk
386. (E) Since # — and 4 ©

is given by

2 1
+[ar—}] dr = ZHJI 4t° +1dr
dt

]

, we see that surface area

| |
mj&'—éﬂJ%' + (' —4) dr = Q.J"E-[[Er—-’-ir} o — de' 4 Ak
4] il
1 |
= ;sz'{f'—zir}{ff—z}d; =i J'(H’—airf'—zf' +8)dr
[ i

1 1
= EJ‘T[J{e:’ —2¢' +8)dt — J.éifﬁiaﬁf] =2zl —])



The integral 1 appearing above, may be computed as follows:

| | - 5
1, 2 1 : 1
f=jr;e'“ gt +8:|'.|:a,"'.!“=|:—f"r et +3:} =[i—zf+3——+z]=(1—2f+—9]
2 2 2 2 2

1

i

L]

To compute the integral J, we use by—parts integration. Let
w=t and dv=¢d: in the formula l#dv=uv—|vdu Then,

1 I
J=4 Jm’zz’r —4 [[Ie']lll —j ff;;r] — 4t '] 24—+ )
1}

0

4

Thus, the surface area is
2 c 2

il = Jy=in | e mzer 2 g an | et L | = 2 —de 1)
2 2 2 i

387. (D) Recall that the length of a curve with polar equation
r=f0) a2<8<h, is by

Therefore, the length of the curve r=¢" 026<2m, is

in 2 ix
. | 4 2 2
IHr‘ +[ﬁ} df = .Ij”lff&j + (%) dO

= [N2") a6 =2 [ a6 =211 =2 -1 = 755.885
4] I}

w0
o

(B) Observe that



= (sin@ = cos@)” = sin’ @ — 2sinBcos@+cos’ @ =1 -sin{?ﬁ}’ and

[ﬁ] = (cosB +sinB)° = 1+ sin(26)

d Therefore, the arc length is given
by
J"ri+[£] a’ﬂ=IJE=JE:r
y dﬁ s

e sing + sing + £ cost = ¢ cost

— = —siI cost = o
389. (C) You start by computing dt , and
ﬁﬁ.’

—— = gosf — cost +rsing = rsin# . .
dt . Next, you compute the following integral

and set it equal to the length of the curve:

L}

2’ =IJ[%J +[%J dt = lew"tlms‘*.tﬂ"sin!r a’rzjr:a’r =%

. . . 2mt=—
Solving for a in the equation 2 yields a=2m.

390. (A) The fundamental theorem of calculus tells you that
F'(x)=f{x),  Therefore, vyou solve f(x)=0_ Factoring vyields
(x*=D(x*+3)=0_  which occurs at x=+l. To use the second
derivative test, vyou compute F'(x)= f(x) =4 +4r =41t +1) | Note
that F'(=1)<0 and F"(1>0_ Therefore, you conclude that x=1 is
the only value for which F(x) has a local minimum.

For an area interpretation of this answer, observe that F(x)
is exactly the area underneath the curve *=f{ shown in the
figure below, and note where f(t) is above/below the x—axis.
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391. (C) You break the interval [0, In 8] into three even
In 8
2=—
subintervals of length In 3 . The area under the curve is
therefore approximated using 3 trapezoids by

] N - . In 2 21In2
L_R{E”+2-ﬁ:|nﬂ+2f;|”‘+€3|“£]’=HT{-I-+4+3+8}: n

3

392. (A) Observe that you may write the acceleration a(t) as a

vector sum of its i=(L0}) component and its =01} component.
That 1is,

alt) = 1’ sin(7e) i + Gt v f

The velocity is related to acceleration by la(e)dt=wv(e)+C  for
some constant vector C. Thus, the velocity of the particle at
time t 1is

()= (nzjsin{m}ak] : :‘+U6rd¢} j=—mcos(mt) i+ 3 j+C

for a particular constant vector C={ee)=¢i%¢' ] o be solved
for later. (Observe that when integrating vector functions



you treat their i- and j—directional components
separately.)

The position of the particle at time t is obtained using the

relation [#)dt=s()+D for 4 separate constant vector D. Thus,
upon integrating once more, you obtain the position function at
time t:

fry= -[ulf.r) dt = j[—ﬁ:ms{m}-i+3r" - j+C) dt = —sin(mr) - +r. j+Cr+D, (2)

where you have once again gained a constant of integration,
D=d -i+d,j

You are given that (0)=0, which may be written as #0)=(0,0} or
s0)=0-i+0-7  But, letting ¢=0 in Equation (2) yields

s(0)=—sin(mt)-i+#  j+C+D=0-i+0- j+C(0)+D=0+D=D
Hence, D=0,

To solve for C, you use that #2)=i+j  But, letting r=2 in
Equation (2) yields

s(2)=—sin(2x)-i +(2)° - j+2C=0-i+8- j+2C =8-j+2C

Thus, you solve i+j=8j+2C to obtain: 2€=i=7-j, Division by 2
e
_ T A ,
yields 2 "2, Therefore, using the above results and

combining terms corresponding to their i—components and j—
components, yields



. : 1
s&}=—ﬁMnﬂJ+r“j+I}+£)=—ﬂMEﬂ4+f”j+[5f-%J]f+o

= [% —sin[m)] “FF [r" —%] -

393. (C) Recall that the length of a vector curve with
equation r&={fieh gle)y, a=t=b, 18

b
J‘”rrm" & (3)

Where"rf{f” is the magnitude of the vector function
Fe)=(f"e), g0, That is,

)= V@ + @)

d 1 d
—(In |sec ¢]) = T (sec £ tan t) =tan ¢

(=1
Observe that dt sect . Also a’rm X

r'(r)= <£If|n |sec ¢]), iI[:‘]I> =(tan ¢, 1)
Then, you see that dt dt )

Then, ”Tr{ﬂ'":‘/m“:f“=\;"‘ECE*’="5‘:I, and the length of the curve is
therefore

&l

T4
-[ ||rr|[r}||df! = J sec rdr = [ln |sec ¢ + tan g|:|
0

i

T4
]

= In lsec(/4) + tan(7/4)| - In |1+0] = In|/2 +1]| -0 = In|2 + 1| = 0.881

394. (E) Your plan is to wuse Equation (3). Thus, you

differentiate rt)={(¢, \Eﬁ’f} separately along each directional



component, to obtain: Hhﬁ={€,ﬂ@?}. Then,

b (e)]| = \/if’ 2 +(VBe | = (€'Y 3 =iy =2¢

You are given that the length of the curve is 8. Therefore, you
use Equation (3) to obtain

£

-]

B
Hwﬂ&=2]#&=2&ﬁd}

To solve for k, we take the equation 8=2(¢'-1), divide by 2,
and add 1 to obtain the reduced equation 5=¢'. Applying the

natural logarithm to both sides yields In 5 = 1In(eX), which
further reduces to In 5=#,

395. (A) You are looking for solutions to £ =0 which by the

fundamental theorem of calculus is equivalent to solving f&=0
To begin, use properties of logarithms to simplify the
equation:

k@ﬁx—d}+kgﬂx+lﬁ=ﬂ¢$hgzﬁx—lﬂx+lﬂ=ﬂ

Exponentiating both sides of the last equation base 2, this
becomes

(x—D(x+D=1ex*=2=0

You therefore obtain x=4y2 as possible solutions. Note,
however, that —JE cannot be a solution to this equation, in

particular, 2 is not in the domain of 10g:(x—1), Thus, the
only x-value at which »=£% has a horizontal tangent is when

x=42



396.(A) g(0)= | f(x)dx=0.

»
IJ

2 2
2(2)= | Flx)de = J'{a;— 4x) d = [4x - 25° ] =0

W
Li]
L)
-

weys (e =_[(4 s Ak +j(2x —8)dx +J{4x _14)dx +J6a’x
il 2 3 5

L
{

=0+(-3)+4+6=7.

7
[HIJU(E'GI since £)=f)>0 on  these

b

g 1s 1ncreasing on
o

intervals. Note that 2 is the solution to 4dx-—14=0,

7
Att=—, ¢ Lo
2 has a minimum value.

Since £)=f{) is decreasing only on (0, 2), you see that
g”x)<0 on this interval. Therefore, g is concave down only on

(0, 2).

397. (A) Let A; denote the area of R;. Then,

and

Therefore, you solve “h =44 for a:



200 & ;
—=— g =0=a=0
3 3

Thus, there are no solutions #>0 such that =,

(B) R, is divided into two regions of equal area, each
expressed by the following integral equations:

A._& _E a2
?—J‘J;dfx—ﬁ&

and

A] '["-_ 2 1 2 40
il T Gl ey
> ) Vx 37 73

Upon setting these two expressions equal, you solve for b:

2 T 2 2 e 357
e ey ) T Y T

3 37 3 N

The solid obtained by rotating R; about the y-axis has cross-

sections of washers, with inner radius *=* and outer radius
x=a*, Therefore, the volume is expressed as

d . I a i
Jr_[lfaq—_vqlchZE[rz4Jr—Eys] =r|a’
I] - L] 1

At each y belonging to [0, a], the area of a square cross-
section is given by 4()=0"Y=3"" Therefore, the volume of the
solid is just the value of the integral:



a ; 1
*.Id:_‘u
JJ’JP SH

398. (A) The line segment AB is defined by the equation ¥=**+1
for 0<x<2, the line segment BC is given by »=—2x+7 for
2<x<3, while AC is simply 7= 1L

Note that each cross—section perpendicular to the x—axis is a
washer with inner radius 1, outer radius x+1 for 0=x<2, and
outer radius 7 - 2x for 2=x=<3, Therefore, the volume of the
solid is given by the integral:

; 3 ' 3 3 " 3
H[J‘[(‘x-l_l}l_Iz]dx+J[{?—2x:l'1—lz]d,x} e {x+]} x] +[ &_x} ]

{ 2
L1}

)]

} :
(336 SH 3

6

—..\__ ’

=T {9 2}_

S

;-—

20 20 ™
—+—]=5—=m;r
36 3

(B) Observe that AB may be written as *=’—! and BC as
=7
2 for 12753, Therefore, revolving R about the y—axis is
the value of the following integral:

3

7=y 1 ¢? ) 3 )
HJ(’ ]-%}-U%@=x[—[(?—yﬁ@-j{y—Uw@]
1 2 4 4 1

Next, you let #=7-) in the first integral above, noting that
under  this substitution ~##=4y  Therefore, the integral
becomes




l_r=3 ; 3 . ) 11 3 y=3 1 i 3
[‘z Jua-] o= ‘*’“’] -] L]
-

5 3
1 1 N i T
—’iz{‘z”‘ﬂ } L‘f b ”

1 3 3 I .'i]
= x| -——[4’ -6’1 -= [2
i 12l | 3l |

/"

(Notos BB =4 A—49.8) =n —é[n‘i{éz—?-ﬁ}]—gj

'
| 8
=x| ==(16~=54) -—
3( ) 3)

s

=r ﬁ—§J=I+Z};rr
v3 2

(C) The area of each square cross—section from x=0 to x=2 is
A =x+1-10 =% while from x=2 to x=3, the area is given by
A =(2x+7 1) =(6—2x)° = 4(x* —6x+9), Therefore, the volume of the
described solid is

1

j.f'](x}afﬂ j.f‘lz(x‘):ir = _[x%ix + 4]5'{.# — 6x + 9)dx

i

- 3 3!_
= lxj +4 l:e:j —3x" +9x
3 3

] 2

g
= §]+-:i|:{9'—2?"+2T-"}—[§—12+ ISH
3 3

399. (A) The area bounded by the curves is given by

&2

j cos xdx = [ﬁirl:k:]f'f';3 =1
i



(B) If you rotate the region about the x—axis, note that each
cross—section perpendicular to the x—axis is a disc with radius
y=cosx  Therefore, you set up the following integral to compute
the volume:

xi2 2 ) xil 3
s J' cos” xdx = % j {1+ cos(2x))dx = g[x + sm(ExJ} -

(C) Cross—sections perpendicular to the x—axis are rectangles
of depth sin x + 1 and width cos x. Therefore, the volume is
given by

w2
j (sinx +1)cos xdx

This integral is computable by many techniques. You will make
the substitution m=sinx+1, so that du=cosxdy, and the integral
becomes

Judu=l[¢i—1] s orl.5 &’
| 2 2

(A) Observe that

‘r-lk

and

h¢@;

= (cos t —sin 7)° = 1 —sin(2¢)

. i ——
%I&

] =(cost +sin t)’ =cos” ¢+ 2sin fcos ¢ +sin’ £ = 1+ sin(2¢)

The length of the arc is therefore



"2 2 2 w2
&7 (B 4 T e
J‘J[ 5 ] +[a’r} dt = IJ(1+ sin(2e)) + (1 —sin(2¢)) dt

ijg (2-5)- Jom

4

(B) Since x = sint - cos t, we observe that x = 0 when

t=ml4 and x 1 when t=m2. You further observe that
dx = (cos r +sin 1) dr_

Hence, the area under the curve is the value of the following
integral:

j_yafx I (sin ¢+ + cos £){cos ¢ + sin £)dt = I (sin ¢ +cos £) dt

0 x4 x4
nid

Jms t+2sintcost+sin‘rdr = jl+sm{2t]dr

L]
=|:;+lm5.|:2;}:| :(E_l]_[£+ﬂ]=2_ﬂ_£_l=£_l
2 Y 2 2 4 _ 4 4 2 4 2

(C) Recall  from the solution to part A  that

[j:] = 1+sin(2¢) and (i] =1=-sin(21)

following integral:

The surface area is given by the



2 J _}rJ( ‘i"'] + (%] dr = zfrj (sin ¢ + cos £)yf(1 + sin(2¢)) + (1— sin(2r)) ot

4

i
=2.?rj{sin t+cost1+1 4
x4

il

= 2-\/5.?1' J. (sin + + cos t) 4t

iy

il
= Eﬁn[—m t+ sin a‘] r

4

= E-JE.?I(— cos(r/2) + sin(mw/2) — (—cos(/4) + sin(m/4)))

- zﬁn[m + 1;—[—% +%]]
= 227 (0+1-0)= 227

Chapter 9: More Applications of Definite
Integrals

01. (D) The average value of a continuous function f(x) on an

aVUl 1 J‘jf(xll afx.

interval [a, b] is calculated with the formula #é-«

The integral of a graph is the area between the curve and the
x—axis. You count area above the x—axis as positive area, and
area below the x—axis as negative area.




i

l Jf&h&=A+B+C+D+E—F

6-(-1) J
e (1)) Lisl 2 ()(1)* +(1)(2) 2 +(1(2)
e s 5 i 5
1 1

+{1}{2}(E]—{1}{1}(5]]
:[i} l+£+l+2+1—l]

2 2 2

I\ x4 =&
[?1 j‘*ﬂ—?*ﬁ

402. (E) The average value of a continuous function f(x) on an

o ! J‘T flx)dx

interval [a, b] is calculated with the formula #-a

=) 2 3 1
z(i][[zia} _1403) _5{5)]_[2{1} _140) _SmD
2 3 2 3 2

u—ﬁm—[-ﬁ]] =L

3]) 3

03. (C) The average value of a continuous function f(x) on an

aVo 1 jjfo}dx

interval [a, b] is calculated with the formula é&—a/J.




[3 sin{2x) — 3 cos(2x)]dx

._.
P
I =
. I_‘-.h I

o =

2
10 PN I N
= [Qﬂ.’ {3}|i = cos(2x) 5 sm{zx}_

(A =5~
-2 cof £ s 2] - cotem- .qin{_n}}

_1{5_3_{_”_0]:2_%

4m 4

404. (A) Recall that ﬂﬂ__jﬂw}m- and integrals represent net
change, so the area under the curve represents change in
velocity. This area is positive for [5, 15]. To find the total
change in velocity you calculate the area under the curve. Area
above the x—axis 1is positive, and area below the x—axis 1is
negative.

Total change in velocity = —E‘SHID)[%J + “ﬂ}{ﬁ}(%] 7= fﬁ]ﬁj[%J

25
=—— mfs
=

.

405. (D) Recall that the integral of velocity is the net
change in distance. Graph the function in your calculator and
find the first positive zero is at #=2. Use your calculator to

find

¥
o

J.?"ms[%r: + IJ dr =1.635.

The change in distance between =1 and r=2 is 1.635 m, and at
r=1 the particle is at 10 m. Therefore the particle is at



11.635 m at #=2, when its velocity is 0 for the first time.

406. (E) The integral of acceleration is velocity. The area
under the curve in the interval [0,3] is triangular and below
the x—axis:

=((3)(2)(.5)) ==3 m/s

Since speed 1is the absolute value of velocity, the correct
answer is 3 m/s

15
Total displar;cmcnt = J wle) et

W
-3

1 1
= —{G){ﬁ)[i] + {ID}{IU}[E] =35

15
Toral distance = j|y{f}| dr

. 1
—‘—{ﬁﬂﬂ[a]

(B) Distance — displacement =65 = 35 =30 m

+{10]{10}[%] =65

£

i

Toral disp-lacemen[ = J:E — =2y

i

N
()
(0]

(A) s

To find total distance, find the zeros of the function and set
up the integral piecewise.

=t =2=0=2(0=-2(+)=0=1r=2

Only ¢=2 is in the interval [0, 6]



2 fy

Toral distance = r;—.t‘—2|4rfr+j|.a‘2 —t—2|dr
I 2

2 ]

% o 3 2
R -2t +L—L—2r
5 3 2
] 2
_|_10], 136
3 3
_ 146
3
14 20
Distance — displacement = 5 - 42 = )

409. (A) Use your calculator to calculate the displacement

5
. Displacement = J. =3t 4 ddr = E
integral. 0 4 . Use your calculator to

obtain the zeros of the function in the interval [0, 5].
=sp==13.24
1 3.24 5

Dﬁmmx=!fr3—ﬁi—25+4& + jrj—ﬁﬁ—2r+4&-+ Jri—ﬁl—2r+mﬁ

0 1 324

% +|-6.25+[30.25|=38.75 m

distance = % - 3875 ==125m

Displacement -

v(t)= Ia{r} dt =J—§a’r =-3t+C

Since v, =9=-3(0)+C=9=C=9
() =—3t+9

410.

Total distance = j |— 3¢ + 9| ¢
(E) 0

To calculate this integral, find the zeros of the function



and use them to write the integral piecewise.
-3+9=0=t=3 is a zero.

3

j 34+ 9) 4t

75

jl 3t +9|dr = +j{—5r+9]a’r ==

4]

411. (B) The particle is moving to the right when the area
under graph of the velocity function is above the x—axis. Use
your calculator to find the zeros of the velocity function and
. [ vtera o

evaluate the integral J« when [a, b] is an interval that
bounds an area above the x—axis.

The zeros of #»t0=2 sin(3t) in [ - m, m ] are at t=-3.14 -
2. 09, - 1. 05, 0, 1. 05, 2. 09, 3. 14.
108 105 3,14
Distance = J 2 sinl3t)dt + ‘I. 2smn(3¢)dt + 2sin(3t)dt = 4
_205 0 205

12. (A) Marginal profit is the derivative of profit.

200600

Profit = -[ (1000 = 0.04x) dx

1}
20040

= [1000x — 0.02x"]|,

= 12,000,000

13. (A) Marginal cost is the derivative of cost.

1001
Cost= J (54 0.4x)dhe

n
100}

Sy ﬂ.zx*‘1| = 2500

14. (D) Profit = revenue - cost



Revenue = j{malginal revenue)

Cost = I{marginal cost)

To find the revenue and the cost, calculate the area under
the graphs of marginal revenue and marginal cost, respectively.

Profit = revenue — cost = {1000){50)(0.5) — (50)(50)(0.5) = 23750

415. (C) Recall that integrals represent net change. The net
change in the temperature of the penny can be represented by
the integral:

"y
jlﬁf*_" * dr = 47.65

The temperature of the penny has dropped by 47.65 degrees in
4 min. Recall that the penny started at a temperature of 150
degrees.

1530 — 47.65 = 102.35

416. (B) To calculate the change in temperature during the day

evaluate the integral:

jﬁcos{rfﬁ}d.r =6.5077

Since the temperature at 6 a.m. is 75 degrees, at 1 p.m. the
temperature 1s

75+ 06.51 =81.51.



417. (C) The area under the curve tells you the change in air
temperature. Area below the x—axis represents a decrease in
temperature, and area above the x—axis represents an increase
in temperature.

60 = (2)(2)(0.5) + (1)(1)(0.5) = 58.5

18.

12
12¢™* de = 29.7531
©

419. (A) Since integral represents net change, the integral of
the rate of leaking water is the net change in the amount of
water leaked. The best approximation for the area under the

curve from =5 to t=15 is a triangle. Area of the
eriangle = (10)(30)(0.5) = 150

420. (A) The amount of water leaked after 12 h can be
calculated by

12
j?ﬂ«"'“ +54dr =108.916.

Since the tank is half empty after 12 h, the total amount of
water in the full tank was:

(108.916)(2) = 217.833

21. (D) Since f(t) = the rate of increase of BBQ sales,

Let F(x) = the increase in the number of BBQs sold after x
weeks.



Hﬂ:Jﬂﬂ&

Since there were no BBQs sold in January,
Increase in number of BBQs sold = total number of BBQs sold

To find the number of BBQs sold after 7 weeks we calculate:

F(7)= J(fﬁﬂ + 20 In(1+ )t

Enter the integral in your calculator and obtain 402. 711.

Thus Texas Depot will sell approximately 403 BBQs after the 7th
week of February.

422. (E) Since f(t) = the rate of increase of the bacteria
population,

Let F(x) = the increase in the bacteria population after x
hours.

Hﬂzjﬂﬂ&
Thus, the population increase between the 6th and 8th hours is

H f
F(8)—F(6)= J{lﬂﬂ + 250 In(3+¢)) dt —j{l{}ﬂ +250 In(3 +¢)) dt

- J{mm 250 In(3+ ¢)) dt



Enter the integral in your calculator to obtain 1350. 46.

Thus, the population in the bacteria colony will increase by
approximately 1350 between the 6th and 8th hours.

423. (C) Since the function in the graph represents the rate
of increase of hybrid car production, the integral of this
function is the increase of hybrid car production. On a graph,
you interpret the integral to mean area between the function
and the x—axis. The integral from 2008 to 2011 can best be
approximated by a rectangle and triangle, as shown below.

95,000 -+ /
& 65.000 +
]
=]
T
2
S 35,000 4
=

25,000 +

10,000 +

{ { } . | | f T T
2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011
Years

3(65,000) + 3(30,000)(0.5) = 240,000

So hybrid car production increased by approximately 240,000
cars between 2008 and 2011.

424. (A) This problem is asking us to apply the mean value
theorem for integrals.



Mean value theorem for integrals

If f(x) is continuous on [a, b], then there exists a number c
in [a, b] such that

]

[ fers= 62

First, you need to check the hypothesis of the mean value
 fW=E+2 L .
theorem. Since 4 is a polynomial, it is continuous and
differential everywhere. So there is a time during the day
where the price of the stock is equal to it’ s average price

for the day.

€ . »

Now you solve for “c¢” 1in the mean value theorem.

(&) 3
J[%+2]¢£x=ﬂﬂ{6—{}}

L
[

= flc)(6)

4
X
—+2x

12

1
[

30 = f(e)6) 5= F(c) 5=Z+2 3:% 12 = ¢?

saaliras

t2Ji=¢

Since only 2¥3 is in the interval [0, 6], ¢=2V3

Thus approx. 3.4641 h after 9 a.m., the value of Abercrombie
stock 1s equal to its average value for the day. Now convert



3.4641 h into hours and minutes.

(0.4641 h) [% min] = 27.8486 min

So approximately 3 h and 28 min after 9 a.m., the value of
Abercrombie stock is equal to its average value for the day.
The time is 12:28 p.m.

3
. s
425. (C) The function f®W=~v2x-3 ig continuous for ’ %

thus:

J-w.ﬂ'?x' —3dc= f(c)(8-2)

a3
@x=3"1 _ (e

3

(%]{{2{83 -3 - 2(2)-3") =6f()

15.2907 = 6 £(c); flc)=2.54845; 2.54845 = \[2c - 3; c = 4.75

426. (B) Recall the equation for expotential growth/decay is

¥y = J"ufkr
Since the half-life is 8645 years and you start with 20 g

=100 =2044%%

1 Ritrd
454

— = :

7

i

To solve the exponential equation for k you take the natural
log of both sides.



— ] ln[%] = |n(¥*)

= In(1) = In(2) = (8645£)(In(e))
Now recall that Inll}=0 and Inflel=1,

~ 2],
= =In(2) = 8645k = k = _M = y=20¢ "
8645

Now to find how many grams are left after 1000 years, you can
plug ¢=1000 into the equation.

21000
y=20¢" =18

427. (A) Since the rate of increase is proportional to the

amount of bacteria present, this is an exponential growth/decay
model

Wty = y,e”
1)=200, 3(3)=600 = 200=y,e"", 600 =y

Since you have 2 equations and 1 unknown variable, y, you
can use substitution to solve for y, and k.

2
. . . ¥ =—(in = y, = 200 ¢
Solving the first equation for y, you get: e

Now substituting your value of y,; into the second equation you
get



Ak

600 = (200 *)e*
600 = 200
3= F.‘-.'J:
In(3) = 24
b= In(3)
2

o= !IIHG]'

Now that you have k, you can plug back into your first equation
to solve for y,

k= 111(\,"'3}, Py = 200" = ¥y = 2006 /) g, =115.47

To calculate how many bacteria are present after 1 week (7
days), you can use the following equation:

2E) = 115,470
$(7)=115.47"00 < 5400

428. (D) Since you are given an equation where the rate of
change of y 1s proportional to y, this is an exponential
growth/decay model.

¥(t)= ye”

Since the temperature of the coffee decreases by 30% after 5
min:

30 k3)
P = ¥y &
_]Uﬂ Yo =M



B s
ln{ﬁ}—ln{f )

In(3) = In(10) = 54
B In(3)=In{10)
- 5

k

429. (D) Since the rate of growth of the population is
proportional to the population, this 1is an exponential
growth/decay problem. Let t = number of years after 2002.

¥t = y,e

Since the population increased by 11% between 2002 and 2011 (9
years) you may write

11 e B9
Yot ﬁ-}:@ = Y€

11 k(9
1+— |3, =
[ IGUJ }f“ ..:I'III'I"'LI

(L1 =49
In(1.11) = In(e”")
In(1.11)=9%

£=00116

430. (B) Remember that the derivative of a function represents
the slope. Thus you may write

9, 9
de 2x° 43

You see that this is a seperable differential equation and
you can solve for the the original function y by seperating out
the variables onto opposite sides and then integrating.



ﬁ_ 4

—— dx
¥y 2x°+3
‘[flzz %x d
¥ 2x"+3

The integral on the right-hand side <can be solved by
substitution using substitution

w=2x"+3 and du = dxdx.
h Iyl=h(2x°+3 +C,

dxt ?-j+(."1

ﬁlul ¥l — f]"[ !

|yl= e']"”xh“e{'-‘
|71= e (25" +3)

y= +¢ (2% +3)

C; can be solved for by using our intital information the the

curve passes through the point (2, 11). So when x=2 and »=1l
the above equation must hold.

11=+(2(2) +3)
11=%£(11)

1=+ =C, =0 and y=(2x"+3)
Check the solution by differentiating.

31. (E) To solve the differential equation, seperate the

variables out on two sides and integrate to solve for y.

4 2
——=—=xcos(x")

dx
dy = —xcos(x” ) dx

de = '[—x cos(x” ) dx



To solve the integral on the right use substitution with w=x"
and du= 2xdx

S —j?ms{u}
[ costuya
= —= 1 COSI& it
? 2
1

¥y= —qsin[u) +

s

1 ;
=——sin(x")+C
7 2

C can be solved for using our intital information that at x =
0, r=2,

1
2=—Eﬂmm+C:$C=2

1 7
y= —Esin[x‘”} +2

You can check your solution by differentiating.

432. (C) To find the correct value of y, first solve the
seperable differential equation.



5
¥ 3
- -1
2 P ooy

l= =]+ ==-1=2C=-2
1+C

.. =]

2 #=2
Now substitute x=-1 into the equation to find the value of y.
__= = 3

T =1 m=g 3

d” ay’

33. (A) Rewrite dx’ as dx.
ay’
dx
dy’ = (4x—5)dx = j.afy'=jl{4x—5}.s£r=;~ ¥y =2x"=5x+C,

=4x—5

Solve for C; by using the initial condition that at x=0, ¥=3

3=2(01-5(0)+C, = C, =3
& &
& &
dy=(2%% =5+ 3)dr = J@:J(lxz B e

Y =2x"—5x+3; y' = =2x"=5x+3

2
‘]-'=—:ch'—%.:¢‘;"+f’1:1c+l[:'.‘2



Solve for Cy, by using the initial condition that at x = 0, y=4

2 -
4= ;({})-‘ =0 +3(0)+C, = C, =4

2 3
}r=—}."§— —x'4+3x+4
Y=3 =

)

Verify the solution by differentiating.

34. (B) By observing different properties of the slope field,

we can eliminate the answer choices. Notice that in the column

x = 0, the slope is constantly 0. So when x = 0, the slope is

independent of the changing y—value in that column. This
dy _ dy

;=-]_.l—_‘,{'

eliminates the choices (A) & * ° and (E) dx

Now notice that when x and y are positive, the slope in the
graph is negative. This eliminates choices (C) and (D). The
dy _

correct answer is (B) T

435. (A) If you look vertically at any column of tangents,
you’ 11 notice that the tangents have the same slope. (Points
in the same column have the same x—coordinate but different y-—
dy
coordinates). Therefore, the numerical value of 4 (which
represents the slope of the tangent) depends only the x—
coordinate of the point and is independent of the y—coordinate.

Only choices (A) and (C) satisfy these conditions. Also notice



that the tangents have positive slope when x=0 and negative
slope when x=0,

A

S T AT S S

AR R R R R RRRRYR
e ew RO e0e e e

FAAAF

&

Therefore, the correct choice is (A), dx

436. (C) To find the family of functions whose slope field is
b _x

given by @ ¥ solve the diffential equation by separating the
variables and integrating both sides.

dx y
‘:]Jl—zx_-q-f_- ﬁ_x_-f}f__:{:
O v :

Given an initial condition, you could have found a particular
solution by solving for c;. This is equation is one of a

hyperbola.

437. (B) To identify the slope field, make a table of values
and sketch the slope field for yourself.



3 0 -1 -2 -3 —4
= 1 0 =1 —2 i
=0 2 | 0 =1 =2

=] 3 2 1 0 =]
=~2 4 3 2 1 0

Mi,mr
LE TR
A 4 LY
33N

438. (D) Recall the following equations for logistic models:

K-P
§=I’P[l+£],ﬂ:]= 8 aml

Let t = the number of years after 2001. So t = 0 represents
2001, and =7 represents 2008.

From the problem you can fill in K=75, Fy=17 PO)=17  P(7)=35,

K-B . 75-17

A= b= A ~3.41176

K 75
Ar® 41 341176641

75
3.41176¢ % +1

P(e)=

P(7)=35=35=

i

(3.41176)e ™ +1= ik 2.14286

e " =.334976
In(e™"*) = In(.334976) = —7k =—1.0937 = £ =0.2



The year 2013 corresponds to =12,

75
PliN = __ s
{ ] 3.41 I?G.?_E”--_IH‘J. 1 5

So in 2013, the rabbit population is approximately 57.

439. (C) Recall the following equations for logistic models:

£=H‘[I—£j, PR f,4=K_fu
dat K £

From the information in the question, you see that £=.71, K=060
Py = L

K-PB 60-1

A= =59

To determine the date when half the trees (i.e., 30 trees) will
be infected you solve

6O .
3D=——%r——ﬂ5%““+1=2
59¢ 1 +1

e’ =0.0169 = In(e™ )= In(0.0169) = ~71¢t =—4.08 = 1 = 6

After 6 days, half the trees will be infected.

40. (A) Recall the following equations for logistic models:

: : K-p
2 cp|t | P
dt K Ae™" +1 £

Let t = the number of days after Monday. So r=0 means
Monday, r=1 means Tuesdays, etc. From information 1in the
question, you see that K=1532, Fy=7 [I1)=84



_K-P 1532-7
P 7
~ 1532
A 41 217.857¢7% +1

A =2117.857

Ple)=

Now by using P(1) = 84 you can solve for k.

84 = 1592 = 217.857¢ " +1=

217.857¢70 41
ln{e ) = In(0.079) = —k = —2.53831

1532

= ¢ =0.079

Now the equation for the logistic model is

w_ 1532
217.857 27 41

Since Thursday refers to =3, to predict how many students
have heard the rumor by Thursday you evaluate:

p(3)= 1532

_ 2 isg4
21,?.85??—_.3"{!'[3} e l

So by Thursday approximately 1384 students have heard the
rumor.

41. (D) Recall the following equations for logistic models:

> : K-P
di:kjj[l_i]*ji(;j: .if , A= i
dt K Ae " +1 £

Let t = the number of days after the first diagnosis. From the
problem you see that K=300, f0)=4 PM7)=17,

A= K—=1r, =5UU-4 _
4

P
K 300
A ] e e

74

Plt)=

You can use the information that 17)=17 to solve for k.



gm0
Tde ™ £

—Tk=-149=k=0.213

_30

= 74e7* +1 = ¢ " =0.225 = Inle ™) = In(0.225)

To estimate the number of students infected after 2 weeks, you
evaluate

300
74 OIBNIA) Ly

P(l4)= =03.1

Thus after 2 weeks, approximately 64 of the quarantined
students are infected with measles.

442. (E) The problem requires us to use Euler’ s method.
First, calculate the step size.

5;:3;}:(},4
5

Recall that the general equation for calculating approximations
with Euler’ s method is

JI.rr e a—| -|'-ﬁ":lcl-}f’{:)lr.l.'—l:*J'll.!z—'l"‘II

Now construct a table to insert the approximations at each
step.

t Y. 2sin(4nt) ¥n=¥iqtAx-Flx, 1 ¥iq)
1 2 0 5, =2+0.4(0)=2
1.4 2 = y, =2+0.4(-1.9)=1.24
1.8 1.24 -1.18 ¥; =1.24+0.4(-1.18)=0.768
2.2 0.768 1.18 9, =0.76840.4(1.18) =1.24
2.6 1.24 1.9 3, =1.24+0.4(1.902) =2
3 2

y(3) =2



443. (B) Recall that the general equation for calculating
approximations with Fuler’ s method is

:}r.lr T3 Jr."i—| + 'ﬁ'x' f’{x»—]’u}rn—l}

'f’:r}“_l__,_i 3. _ 4.4
——+4x y=2x

For the case of the the evaluation, transform dx to
%ﬂxﬁu-zﬁ.

Now construct a table to insert the approximations at each
step.

x ¥, 2x3(1-2y) y o=y A+ AX U g Vo)
0 2 0 3, =2+0.2(0)=20
0.2 2 —0.048 ¥, =2+40.2(-0.048) =1.9904
0.4 1.9904 ~0.382 ¥; =1.9904+0.2(-0.382) =1.914
0.6 1.914 —1,2217 3, =1.91440.2(=1.2217) = 1.6697
0.8 1.6697 ~2.396 3. =1.6697 +0.2(-2.396) =1.19
1 1.19

¥1)=1.19

444. (A) The problem requires us to use Euler’ s method.
First, calculate the step size.

At = 4__2 =0.67
3

Recall that the general equation for calculating approximations
with Euler’ s method is

Yo = bl O )



Now construct a table to insert the approximations at each
step.

' i -'ZP[1 i 35_1 Yn=Yna tAx Flx, 1 ¥y o)
2 3 0.48 3, =3+0.67(0.48)=3.3216
267 33216 0.6596 7, = 3.3216+0.67(0.6596) = 3.764
3.3 3.764 0.947 3, =3.764+0.67(0.947) = 4.398
4 4.398
y(4)=4.4

445. (C) Recall that the general equation for calculating
approximations with Fuler’ s method is

-}In = -}Irj—] -1-5"}:-J]r-*{"!r'-u—'lf -}Ijr—]]

Also recall that the velocity function shown 1is the
derivative of the distance function, and that the ball begins
50 ft above the ground. Now construct a table and use the graph
to fill in information as needed.

X ¥n f(x) Yo =Yaa+tAx-Flx, 1 y,.4)
r} 50 0 7 =50+0.5(0) = 50

0.5 50 2 3> =30+0.5(=5)=47.5

1 47.5 7 ¥y =47.5+0.5(=7) =44
‘5 44 -1 73 =44+0.5(-11)=38.5
s e

After 2 s, the ball is approximately 38.5 ft above the ground.

446. (A) FHO)=105 f(t) represents the rate of change of the
temperature, 2 a.m. is 7 h after 7 p.m.



F(7)=105+ J(—ﬁ sin(t/3))dt = F(7) =105+ (9 cos(t/3) || = F(7) =89.78

(®) K= 105+ -[“:If—ﬂ sinf x/3)) dx

12
I (=3 sin(¢/3))dt = —1.24°F

Average value =

|
(C) N 12 -0

(D) Since f(t) is continuous on [0, 12], by the mean value
theorem for integrals there exists a number ¢ in [0, 12] such
that

)

t)ydt = f(eb=a)

You can use our solution from part D to show that [fld=-1.24
Now solve for c.

Fle) =124 = =3 sin(¢/3) = —1.24 = sin(¢/3) = 0.413 /3 = sin"'(0,413) = r = 0,426

Approximately 0.426 h after 7 p.m., the rate of change of the
temperature in the greenhouse equals the average rate of change
of the temperature for the night. Now convert 0.426 to minutes
to find the time.

0.426 h) x (60) = 25.56 min = 26 min

7:26 p.m.

b _ 4y
447. (A) Set up a table of values for 4x 5 at the 15 given
points.



x=-2 x=-1 x=0 x=1 x=2

8 4 4 8

=1 5 =3 : 3 5
| 16 8 8 16
=2 3 3 : 5 B
25 12 12 24

s : C 5

Then sketch the tangents at the various points as shown in the
figure below.

SRR
\ %t A
AN Y

(B) Recall that the general equation for calculating
approximations with Fuler’ s method is

&l e Ax: f’{xm—]"—}rnhl}

Now construct a table to insert the approximations at each
step.

4xy
A ¥n 5 Yn= Yo tAX Flx, 1y, )
0 5 0 3 =5+0.1(0)=5
0.1 5 0.4 5, =5+0.1(0.4) = 5.04
0.2 5.04 0.8064 y, =5.04+0.1(0.8064) = 5.1206
0.3 5.1206
F{0.3)=5.1206

(C) Solve the seperable differential equation.



Using the initial condition f9=5 you can solve for c,.

(D) Now use the work above to evaluate y(0.3).

2 2
—(0.3)°

y(0.3)=5¢"  =5.8133

448. (A) The slope at x=3 (i.e., the point (3, 4)) is

b_2 b 2 8

de 350 de 33 27

Now write the equation of the tangent line at (3, 4) in point-
slope form.

8 8
-y = - j = (=3 = —(x—3)+4
ymy=mlx—x) =y 57 x=3)=y 27 {x—3)

8 124
5)=—(5—3)+4=—
Gﬂ‘ﬁ) z?L )+ >

(C) Start by seperating the variables and intergrating both
sides



— = —ady = —dx
dx  3x° 2y 3y 3x°
1) %7 1
—J a’y——'[x fa{:.z}—lnly|—[§]_—+rlZ}—1n|y|=——+r:|
i ‘2' ]|1|_1'|_ _i_r‘l L _i o
In|y|=——4+¢, 2™ =¢ = IR
I °

Now use the initial condition f13)=4 to solve for cs.

2

4=ce " ¢, = 49954

]

y=4.9954¢ *

(D) Evaluate the equation in C at f (5).

£(5)=4.9954¢ ¥ = 437184

449. (A) The amount of water leaked out after 7 min:

nr
4 —15 m:{—] -
J , [HIJ 30 450 [Et
15 sin = ———= 08
30

— || =36.7918
w30 | m  \30)|

After 7 min, approximately 37 gal have leaked out of the water
barrel.

(B) The average amount of water leaked out per minute from
t=0 to =7

== 155.{ ]a‘rﬂ—{367918}~5255 55l
7=0 30

(C) The amount of oil in the drum at time t:



nx

f{:}:mu-Jw sin[3—ﬂ]a'x

0

(D) Let a be the value of t and solve the following equation
for a:

g ﬁf
5ﬂ=zm-j1s' L)
; sm[m]

450 T
50 =200- e cos [_r]

o

T 30

50 = ZUD—[—@cns [E] —— 430 m[ﬂfﬂ}ﬂ
T 30 I 30)

5ﬂ=200+@c05 Ll —é{j—ﬂ:}cus ol =={.0472
T 30 T 30

%ﬁ 05 (—0.0472) = 1.618 = 2 = 6.18

After approximately 6 min, there will be 50 gal left in the
water barrel.

450. (A) Seperate the variables of the differential equation
and integrate both sides.

¥ il
gPatply Pl & g loes 3 ooy
d 7 21 [ P 7 P2l-p)" 7
p1- ]
21
B g B =ld:=>J£+j e =jldef:::|n|F|—|n|2|—P|=£+rl
B Bl 7 B T8 97 7
P ¢
R
21-2| 7

Exponentiate both sides, then isolate P.



Use both possible initial conditions to

solve for c, and
evaluate the limits.

2e.

P0Y=15=15= T = = 2le, =151+, } =90, =15=ye, =25
f\ i g e
piy= AEIeT gy 525¢
14 2.5¢7 1+ 2.5¢7

To calculate the limit as t tends to infinity,

first factor out
¢'7 from the numerator and denominator.

P(e) = I_.f‘ ('3_25} _ 215
e e +25) (e +2.5)
57
i ?:_.,.3 o 52.5 -1

e B 2.5 2.5

(B) The rate of growth of the population is given by
ar e lp 1_£
dt 7 21

To find the maximum value of this function, calculate the
derivative, set it equal to zero, and solve.

2 5 i
Sr_1,( 1), 1 Py 1
et 7y 21 F 21 7 147
5]
l—z =0= P =10.5
7147
4P dP

So the maximum of & occurs when P=10.5. Evaluate 4 at P=105
to find the maximum value.



1 P\ dp 105)  dp
Eoobply s | odppaly 891 B e
dr ?[ m]ﬁfﬁ ( { 21 ]#ﬁﬁ

The population is growing fastest, at a rate of 75%, when the
population is 10. 5.

(C) Seperate the variables and integrate both sides.

Q_1,0,_L s L= g
” ?Q[l EIJZ}QJQ 1?’[ ] I A} = j;!l t)elt

.f

nla| - [zu_g]ﬁﬁ o=t -2+

Now exponentiate both sides to solve for Q.

ary L7 =% 1294)
Q=c,

Use the initial condition, Q=10 to solve for c,.

10 = f;f_‘" =S, = 10 = Q{:.r} = ]{]f.l"-":"_"z.‘h}i]

(D) For the function found in part (C), as t increases notice
that

J 7
L D [
7 294

Therefore lim,, Ql)=0

Chapter 10: Series (for Calculus BC Students
Only)



n o] 1

= . = = — 0
" 2mm -3 [
H

4 3
EH—EJ 22— —

i i

451. (B) Observe that as n—» oo,

Therefore, f{a,} converges to 0. However, notice that for »=2,
# i, 1

g = =
# 2 2 -
we have 2n-=3 2n°  2n, Therefore,

T a=a+y )
and we have shown zmd” 4 and” diverges.
459 (C) Observe that .sz'_.}=[r1]+dz+az_.++:2é+:15:I—{r1]+d2+d3+d£}=55—54-
Therefore,

_3(5)+1 34)+1 _16 13 _16-3-13:5 _48-65_ 17

a.=j. — ——

S 25)-5 29)-5 5 3 33 15 15

k)

453. (B) Observe that 2. 4 =lim,
following computation:

*. Thus, we make the

1 1
~ {lnn)? EIHH'H . Inn ; (;]
lim———=lim————*=2lim—=2lim—==1(

e H—#ta 1 R f—paa ]

where we have made two applications of 1’ Hospital’ s rule.

. i
Therefore, the series 2;4 ‘ converges to O.

454. (D) This is a geometric series, as each term differs from
|
the previous term by a factor of 3. Observe that if you let a,
4 4 4

.'!= w1 ;4 ﬂ&':._ {E}:L_ i
3", then 41 =4, 3, 9, and so on. Thus, the series

may be written




3 3
55. (E) Observe that
T + 5 ) Imwl 1 ! -
|..uz=1._$+u.m3+n.uw1z+u.uuuuu;z+---=E+1—“_+’—‘+1_2_=E+132 [L] 1B [L)
10100 1° 100 10 w1 | 10 10 10 4mt=1| 107

Therefore, you have clearly written the number as involving a

- 12 1
o S as -
geometric series of the form ==t , with 10 and 100 .

You compute the sum of the geometric series:

[EJ[L
O e i WIOT00) A 32 Y100 12
aﬂzf m;r 1= 1 L1000 )\ 99 ) 990

100

Putting this all together, you have

—_13 12 _13-9+12 _13-(100-1)+12 _1300-13+12 1299 433

1.312=— = = =
10 990 990 990 990 990 330
2 9Y)
31523—}” s 9?: — - (_]
456. (E) Observe that 2 8).  Therefore,
=y (2] o N
='\8/ diverges, since this is a geometric series with

457. (A) Observe that the nth partial sum may be computed, as
follows:



- L34 fidd oot i
S T + = + + 4o -
LYY o
[ i 1 ) [% I J £ I
+ = + == S ] oy

M- n+l R I 2 mn+l n+2
Therefore, the infinite series sums to

lims = lim l+l—L— : =l+l=
% 2 n+l n+2 2

[

series:

58. (A) You apply basic algebraic properties of convergent

i{ﬁgh -z.&ﬂ:»:ai dﬂ—?it’i‘h —6.3-2.7=4
w=1 r=1 r=l

459. (D) Consider the improper integral

dx
You make the substitution #=Inx, so that x , and the
integral becomes

IjmJ i du
o =
I 2

If ¢=1, then

2 f

1
im | # 'du=lm | —du=lm(nt—In{ln 2))=o
P i=os i i L
In 2 In 2



If ¢#1, then

E l—¢ e I—¢ -
lim j u e = lim |: - ] = lim L - (i 2)
I

F—¥oa t—=m| | — ¢ f—}nr]—l::' ]_{_-
In 2

|—¢ l—¢
; i : t
lim = ea lim ={)

1 ;
Observe that it B when ¢<1. However, i B when
c> 1,

zm 1

Therefore, by the integral test, =l allnn)” {s convergent when

o I

2

a4 =—
460. (A) You use the limit comparison test, comparing ~ # —#
b}

with *© #°. Observe that

w 5
as n—e, Therefore, = w~—n converges, since it 1is clear
Y i
that =2 »* converges.
3n+7

461. (B) Observe that as m-—3e, you have 51-2
Therefore, the series diverges (by the divergence test).

—>§;=u
5

“ lnx

62. (A) Consider the improper integral L x* . You integrate
sl
p=—

by  parts, letting u = Inx and ¥ in the formula



Ju dv = u{f—.[z,' i
so that

b

lim —afx |: :|+-[izﬁr—|lm[ lnrJ |:l:|
e _x' F—roa I x F—%on x .I

1
Inz 1
=lim[—l——+lj
f=poa ) t F

1
Int : 2

lim —=lim =-—<=10

By 1’ Hospital’ s rule, T e . Therefore,
Int 1
lim(—n———+l]=—ﬂ—ﬂ+1:l{c¢
e

i
The integral test then says that the series =l »' converges.

2+sinn L’

2t .
63. (A) Let *° #»* , and consider " #°. Note that —1<sin

T b
n<1, so that #4158, and also note Zu=| * converges by the p—

S |
test. Therefore, =1 * converges by comparison.

! [ l )
sin| —;
N
1

4.  (A) Consider the n , and note that by
1’ Hospital’ s rule

lim, .

o

b ]

| [ 1
51N 3
lim 2

R— o l o \2{}
il

= cos(0) =1



1

. 2

[ = '[IJ

2' sin
Thus, as =1 converges, . " converges by limit
comparison.

>1
465. (B) Notice that #! , as is seen upon expanding and
grouping as shown:

=— e — T::-]-I-]---l-l=1

R o

) e

= B ] = e oo
Therefore, 2“‘ n! 2“‘ , and you have show z=r=l n!
diverges by comparison.

1 |
o 0< < Aoy
466. (A) Notice In(z+1) Inn and moreover Ina as n — oo,

= — . . : :
Then, as :Enﬁ Inn is an alternating series, it therefore
converges by the alternating series test.

lin Iim

o 2 £
{_l}# 1 Jt"ﬂ e
467. (A) }i”J Jn is an alternating series. Let Jn |
Observe that
III.?:
lim & = lim =1

H—yea Fi—ma “?.!‘-

since ¢” 51 and Y2 =% as n— . Next, we show b, 1is a

BES

£

. . f=
decreasing sequence by considering J;. Observe that




for all x=1. Therefore, /W =0, is a decreasing sequence for
n=1, Thus, you apply the alternating series test to conclude

(=D*
that e Jn converges.
{ ”-'.l C{)S(J‘T?ﬂ ( 1).».#' _l
468. (C) Observe that costmz)=(-1)", Hence n noon,

z uls{ﬂ'ﬂ} 2 e ]
-
and = =g

Therefore, the series is divergent.

ri' ,]|=simr+n
469. (A) Consider the ratio “ﬂ| e+l for a2l Then, as
L+|{l+n l
a,| 2n+l 2 o9, 5. Therefore,

-1<sin #<1, you see that

Zn=u “ converges by the ratio test.

2 "_:xﬂbﬁ.—
70. (A) Consider the integral L v . You integrate by

W

. 3 iz . ﬂ’ E _j af
parts, letting w=x", and dv=¢*dc in the formula J.” I al
, so that

r 1 i .
limj T el = I1m[——:.zc*'”j| +—I xe “dx. (1)
F—be f—pee 2 1 2
| |
£t 2t
. lim?_m e Iimr__m. — li['ll?_m —=10
Notice  that 2e*” 4e* 8 , where you have

applied 1’ Hospital’ s rule twice. For the remaining integral,
we again integrate by parts, choosing w=x and dz=¢dx so0
that



t = 1 ; ¢ 1 ' ;
lixnjw de = wez — Iz dw = lim —Exﬁ “} +Ej e Ty
| ] I'-—:H:-:-_ .I

1 |

. [ 1 } I }
= lim| ——xe —| —e
r—roo 2 I | 4 .

. lim, L 50 o
Then, as in Eq. (1), 2 . Further, it is clear that

lim _,_e” =0 Therefore, as these are the only terms involving
t, the improper integral is convergent. Returning to the series
under consideration, the integral test now applies to show that

2 nte™"
=l COHVergeS.

L. 2 .. 3 4 e T
: B e T E L
471. (B) The given series 2 5 10 17 4l ey
i

| 0 | L f=—
Since »n +1 as n — ¢, Furthermore, if you consider L |
2 D o
() _x -I;l} ?x _ l2 o _ <0
, and note that (2" +1)° (2" +1) for all x>1, then
fo==5"— |
you see that #n+1 1s a decreasing sequence. by the

alternating series test, this series coverges.

i b

(_l}m—l

. 2 2
Next, consider n"+1| n"+1  and observe that

bl it "
- — |=— — 1 as —on
n+1 /1 w1

1
Then, by limit comparison with #, you see that your series
does not converge absolutely. Therefore, your series converges
conditionally.

Hi il

e ol
72. (A) Let 2n+l} " and observe that Zntl})  you

consider the nth root




n
2n+1

a | =

1
Yla | = —<1
and observe that 1a,| p as N — ee. Therefore, by the root

= nt n
DI [2n+1

test, "

) converges absolutely.

73. (C) You first show that the series does indeed converge.
(=2)"n _(=1)"2"n _(=1)"n
Note that 8" R 4"

2 w (=1)"n
Next, you observe the series =l 4" is alternating. Then,
using 1’ Hospital’ s rule you see that

lim — = lim

v 47w 47 In g

Furthermore, if you consider 4" then

f’{}:}=4 —x:%t Ind _ 4 (1—1,7%‘1[14] <0 el o
4;..'( 4_1
H
flml=— . ,
Therefore, 4" 1s a decreasing sequence. Hence, the series

converges by the alternating series test.

i oo
b, =— = ~1)b
Now, let 4" et g jiﬁﬂ[ ) ", and let s, denote the mth
partial sum. Then, since you are working with a convergent
alternating series:



e =4 _ (m+1)

Ij_jm|£|j ] -W

m+l

Notice that

1
b, =—— = (.00012207
8192

and

cgl=de 8 3 +i_i+£_4f_i ~—0.160095215

4§ £ £ £ & ¢
Therefore,
|s—s5-|< b,

This error of 0.00012 does not affect the third decimal place,
so ¢=-0.160 is correct to three decimal places.

R

X

By the ratio test, the series is absolutely convergent, hence
Il I
convergent, when 2 , and divergent when 2 . That is, the
series converges when [¥/<2 the diverges when |¥/>2, The ratio
test gives no information when =2, Therefore, you must check
the cases x=+2 separately.



1

When x=2, you are working with the harmonic series Znﬂ n,
which diverges. When *=-2, you have the alternating series

w (=1)
zﬂl n . This 1is convergent by the alternating series test,
1 1 ; 1
. —<— lim el
since n+1 =n and " .

2y

o0 X

Therefore, 2*“' #2" is convergent only when x € [ -2, 2).

475. (B) Let a,=n(x—4)" Then, if x # 4, we have

@1y -4
| Ax-4r |

3
('ﬂ_H] |x—4| s|lx—4] as n— e
i}

By the ratio test, the series is absolutely convergent, hence
convergent, when |*=4/<1  and divergent when |*=4[>1  The
radius of convergence, therefore, is 1.

76. (C) By the root test, an infinite series Ya, 1s

absolutely convergent, hence convergent, when limn_mqiﬂh_I and

. lim Hla|=>1
divergent when A .

leta = >

(lnz) | Then, since
lim g = lim » = lim|—{=0<1
n—Fioc R—im) ﬂll.ﬂ':l B—F o Il-l..?'f

for all x, you see that the interval of convergence is (-eo, oo

).

77. (E) Observe that



% | x
24 3x 2

3x

You replace x by 2 in the formula, yielding

el by NEY (323

You will simplify this series further in a moment. Stopping
at this step makes it simpler to find the interval of
convergence. Now, since this 1is a geometric series, it

—3x

converges if and only if That is, it converges when

| < — . |x = — .
3 and diverges when 3. Therefore, the interval of

2
3

You now continue the simplification of your series:

u-lh.?

convergence 1s [

HGE R e e Y

n=0 n=0



2+ 3x 2

Hence, el
478. (A) Recall the geometric series formula for |¥/<1;
1 'ilx
l_ll_r:='iil
. = 1_2 f‘-’{ }_
You are given that flx)= x).  Observe that l—2r.

Replacing x by 2x in the above formula, you find

f(r}—

_—22 (2x)" = _222 __i ol o

As this is a geometric series, it converges if and only if

1 1
. ) x| < — . o e
|2¢| <1, That is, it converges When| | 2 and diverges when | 2

. . . ==
Therefore, its radius of convergence is z.

Note that you have found only a power series representation
for f' (x). In order to obtain a power series representation
for flx)=In(1-2x) then, you must integrate. The caution here is
that, in doing so, we obtain a constant of integration, as
shown below:

‘I[EE*} szux - [2 m%]ﬂ:_[sz}ﬂ

a=0

To solve for the constant of integration, ¢, notice that

£(0)=1In(1—2(0)) =In1=0



When you substitute 0 in for x in the series above, you obtain

Combining these two observations, you find that ¢=0, and you
conclude

=

2
In(1-2x)=-% —x"
n=] n
1
. . r=—=
with the same radius of convergence 2.

For a more rigorous explanation of why the radius of

convergence of f(x) is the same as the radius of convergence
7,54

:z - -‘;‘H
for f' (x), you may use the root test. Let * =# , and assume
In
=1

for the moment that you know lm,__ 7 (You will prove this

fact later.) Then

27 2
lim ,“[Ja = limp ¥ =liml—x|=|—x=2|x
B | "s| B H R HI":"? ] I i
o <~
. . . . .. B
And, this quantity 1is less than 1 if and only if 7,
1
. . . R
Therefore, the radius of convergence of the series is 2,

To complete your solution, you fill in the missing step
i n . ; TE] .
above, showing lim,_, »"=1 " 1p computing lim,_,_» , you first

observe that it has the indeterminate form e'. You rewrite the

expression and use 1’ Hospital’ s rule to evaluate the limit:



1
™ Ling ) -r-’l 1 o
lim#"" =lime =lime” =lime” =lime! =lime"=¢ =1

Hedas e Hpehnn He=hoa oo H=heo

PR [
Inlar™ ™)

where you note that 1’ Hospital’ s rule was used at the fourth

- lim __ .
step above. Therefore, you have shown im _,_»"=1""and this

completes our solution.

(x)dx =— =— — = A
479. (D) Observe that jf‘l T ew 1-(=8) }Enﬂ e

when l¥l<1,

)

Therefore,

)= i[—EHJ" X"+ ,:] - —2[ 1y %w}] +(0

n=1 w=0

- (—1}-’2 (=1 ™1 = Z{—l}"{n+ 1)x"
w=1

u=ll

with the same radius of convergence r=1,

480. (A) Observe that when x=#0

Yl x| = x| S0 as n—>eo

Therefore, by the root test, the series diverges for all x#0,
It converges trivially when x=0,

. PR |
g = ]ﬂz B [EJ
481. (B) Observe that s is a geometric series: o ST
You are asked to find sy, the sum of the first 10 terms. You

use the formula for computing a partial sum of a geometric
series:



{-(3)

E]r:u = . 1 o 1666?
{2
5

482. (C) You use the well—-known Maclaurin series of e*:

with radius of convergence r = eo. Replacing x by 2x in Eq.
(2), multiplying by x2, and simplifying, we obtain

2 1 12 (2x)" zi 2 & 2 prehe)
e =x =x "= i
*  nl #! !
The radius of convergence remains r = .

2 f'.'u}{nj .
483. (E) You are asked to find i gp Simplifying first
with properties of logarithms, vyou see [f(x)=In(x+1)=2ln(x+2)
Then

: —i and f(x)=— ! = 2 Y
¥+l x+2 (x+1) (x+2)

fx)=

Next, you evaluate at x=0, yielding:

f0)=-2In2, f(0)=1-1=0, and f”r;m:—1+é=—%

i

Therefore, the degree 2 Maclaurin polynomial is found to be



X+

1

() - [_E] - :

2 f (ﬂ} 2 [12 I] E 1 x;:_z lnz_lx_
o 1! 2! 4

84. (A) The Taylor series for f centered at x=2 is of the

)
Fy=Y LB gy -
form e . Therefore, you equate coefficients

and solve for f” ' (2):

£7(2)
-

=7 & f7(2)=—42

485. (D) Your plan is to use the well-known Maclaurin series
for cos x:

o

{_ l}u _'(.‘EH
§X = 3)
COS X ; 20 {

'{ ) 1+ cos(2x)

. cos (x)=———— .

First, note that 2 . Therefore, replacing x by 2x
in Eq. (3), you obtain

a a8 nayda—]
1+ cos(2x) l z (—1)"(2x)*" l+ (=1)"2 2
2 272 2nt 2 & (2n)
486. (B) Recall the Maclaurin series of e*:

o M
Z -
< 5!
=0

with radius of convergence r=eo

You replace x by —-x in the Maclaurin series and simplifly,



yielding

] S A s
]_I[_HZ n! ]_E[_HHE n! ]

f
e =1 1 o (—x)"
| 2 1}
e A . n={1 i n=I} n=1

! = (1) 5" N, I
-; 2 ! }_ n!

.\J.r:l r=I

Next, you integrate to obtain

[[B eS| eSS
I rn=| t : L
{_l}” 1 e {_l}.r.' fuu {_l}.lrll.
T [F_UDZZ[ﬂ-n!]zz{nﬂj-(wur

n=i)

[
—

This is an alternating series, which you will denote by s.
1

Let " +lntD! and denote by s, the nth partial sum. When
t Is _'.:.'.'l = EI:I|M.+I. Hence,

estimating alternating series, you use tha

< 1
(n+2)(n+2)

ls—s |

1
ls =5 | £ ——=0.00002
T 7t

Observe that when »=5, Computing

1 1 1 1 1

: - + - + =—0.796
: 2-20 33 4.4 55 66 ?

Observe that an error of 0.00002 does not affect the third
place after the decimal, so your approximation -0.796 1is
correct to three decimal places.



487. (A) The Taylor series centered at x=4 is of the form

= f"(4) ~
{x)= (x—4)
£ I . Therefore, you compute the general nth
derivative f™ (4). To do this, you first compute enough
derivatives to find a pattern:
flx)=x " == fid)==
‘ Jx
=1 - u 1 1
() =—x"" =~ ; W =-=
= 5 2{J}Jﬁ ¥ =
13 o 1-3 . 1-3
J('ﬂ[:x =_2x5‘ - — 5; f {d'i:lz—_
Z zalJ;] 25
s ]ﬁﬁ‘ T2 155 e 135
[ e )=
2 2|\|/;J 2
y 13557 . 1935.7 : 1-3-5-7
FO)=——— a2 =
2 quJ;J 2
,1:3:5.(2n—1
| o FOl)= (1) s
The pattern which emerges is evidently: 2

Hence,

= Z( Iy 1-3-5-- {lff—”-( — 4y

”}1"'!

r={1

488. (B) The Taylor series centered at x=1 is of the form

fR=Yy" fm (- 1)"

few derlvatlves.

flx)= cos(mx),
fx)= —1t” cos(Trx), F ) = +77 sin{ T x),

FUx)=+r coslmx),  f7(x)=—n" sin(mx).

f(x)=—msin(mx),

Observe that when you evaluate at x=1, you obtain

In order to find £ (1), you

compute a



(-1 g i p=2k

[ ar] ]. —
i 0 if n=2k—1

Therefore, the Taylor series centered at x=1 for cos(mx) is

wtl 2
cos(x) = z{ l}sz}r x=1)*"

=il

489. (E) Recall the Maclaurin series of e*:

i A
® X
II-’ = z
!
a=0

with radius of convergence r=-=o,

2
Replacing x by 3 in the above series, you obtain

_EJ“
= 3 o (-1)"2"
=Z ! =Z 3" !

n=M) n={)

Hence, the sum of the series is the value ¢ " =0.513417,

. f'ix}=f*"-{ 1 ] .
90. (C) First, observe that 1=x/, The Maclaurin
1 5

. —= X, .
series for 1-x z_.,_.. is the geometric sum formula, and that
of e* is also well-known:

=]

==
= 1
a= i



Expanding the each series in the product yields

£

x

1 : :
e =[1+x+—+ [(1+x+x"+-)
l—x 2

Multiplying this out and collecting like terms,

]
i

X
X+t
2
14+ x4
e
I+ x+—+--
el
xhxt—
2
3 xq
X o —t
2

5 &
1+2x+=x"+::
2

Therefore,

91. (E) Recall the Maclaurin series for cos x:

) {_”Exzu
cosx = Z —(Eﬂ]!

T r
1°=— —

Next, observe that 20. Then, you replace x by 20 in the

Maclaurin series for cos x to obtain



a i 4 3
mﬁ[ . ]zl_fmm} L ®@20)" _ (@20)°
2! 4! 6

For your approximation, you use Taylor’ s inequality, which

says that since f )=1 for all x, then the difference between
the sum s(x) and the nth partial sum s, (x) is given by

() wals)
e oo ol | B —
20 "1 20 (m+ 11 20

This error 1is less than or equal to 0.0000253 when ==3.
Therefore,

m( L ].,_.1_{“‘“2”3" L @20 @20) oo
2! 4 6!

92. (B) Recall the Maclaurin series for sin x:

— e _]}R 2r+l
Sll‘lx E X
(Zn+1)

n=Il

3 A =
. ssrtes Boo WRISY . ARIDY . SH(3)
Next, observe that the given 3 3! 51 7' ... may
be rewritten as

e

.Z (—1}“ E 2R+l
e (2n+1)\ 3

That is, the given infinite series is the result of replacing
T

x by 3 in the Maclaurin series for sin x. Hence, the sum of

x J'

. o osin—=——
the series is



493. (E) Recall the Maclaurin series for cos Xx:

Replacing x by x° in the formula yields

o

3 (=1)" (x)*" (=1)" x™" - -
I 2 {2n)! = 2 (2n) - Zl‘ ZH}'

w=il

T - L o )
cos(x” ) —1= ZFI (2n)!

Therefore, and when you divide by x, you

obtain

.lefle

ms{x:1’}—l_l B (-1
x —x{ms 1 xz (2na) Z {T'H}‘

n=1

Next, you integrate term—by—-term, to conclude:

(=) S-Sl

- 1) [r J-I—.:*:Z ) " 4 ¢
o (2u) \ G oty G 2n)!

for some constant ¢, and you have evaluated and indefinite
integral as an infinite series.

494. (C) One solution is to consider f&=Inll=%  and notice
that



o[ e 55

n=I}

(The constant of integration is 0, upon evaluation at x=0.)

1 1 1

3;{x}=—x——x3——xj+—x4
Therefore, 2 3 4 | and
. 1.1 1 7
In(2) = In(l— (-1))= f(-D=T(~-D=l-—+-———=—
n(2) =In(1-(-1)= f(=1)=7T,(-1) T

495. (D) The series in I is geometric, hence you use Equation
1
(1), replacing x by 3 to obtain

EEEJZ[ 3 EEJ“

l—=

ki
S

Note that in II, you have simply replaced x by lIn 3 in the
Maclaurin series for e* in Eq. (2). Thus,

n3) (n3) (03 . 3 .
2+6+24+_2 n!_f =2

1+In3+

=1l

; In+1
) ) ) since -+ 0
The series in III diverges, n—8 as 1 —» oo,

96. (A) You use the ratio test to test convergence. Let

¥

H

fes

. (32)!, Then



n+| {H+1FH{3}' (n+ljﬂ 1
=(n+1)
| Bn+3)n (B3n+3)3n+2)3n+1)

H

_ n+1[n+lj 1 =l(1+lj 1
In+3\ n Br+2)3n+1) 3\ n) Bu+2)dan+l)

Recall the well-known limit:

lim[l+l] =g
Heza il
Then, you let #-—3e to find that

d’.l!+|_

ﬂ:

lim

HN—3oa

1 i 1 1
= lim— 1+1] =—-¢e-0=0<1
ti—pon (B3n+2}3n+1) 3

Hence, by the ratio test, the series converges.

(B) As the series converges, the terms must limit to zero,

) |imm_>m "
that is, (3n)

. 3 frn]“} )
=7 = LS T T S |
497. (A) You are looking to write ST Einw n! Be j,

so you must compute the derivatives £ (1) for »=0, 1, 2, 3:

f=xt=— Fl)=
x
Fl=-25 = F==2
X
=6 = i D=6
X
24

frio)=-24x"=—  f"()=-24
”

Therefore,



SN 2,
)_Z — == ——{x—])+—{x—]} - e =)

=1=2(x =1+ 3Hx =1 —4(x =1)°

(B) Write flx) = T3lx) + B5(x), Taylor’ s inequality states: if
[ =M for x € [0.8, 1.2], then

IR, (x)| < % lx=1" for xe[0.8,1.2]

(4] P, ].2':]
. . £ )y =1200 e (4)
You begin by computing x" . Observe that f'¥ (x)
4
r=08=—
achieves its maximum on [0.8, 1.2] at 5. That is,
. 120 120 120 5
Ww)=—x =—.==30-5=150
A R S
1
x=1|D 2==
Furthermore, note that 5 on [0.8, 1.2].

Now, you are able to find the maximum possible error
[f)=TN=R ) on the interval [0.8, 1.2]:

£
s oot s 2 8 1)

4! 24 | 25

=——=— for xe[0.81.2]

498. (A) The answer follows from the observation that

a,=(a+a,+a +a)—(a+a,+a)=s,—s,



si=4tm1[£]=4-l=¢i sﬁ=3tan[£J=3L=£
Since 4 and 3 Jg you find that

ﬁ4:4_‘/§.

(B) Next, you use definition of a convergent series, in that
the sum of the infinite series is the limit of its partial
sums. That is:

N . . T
4 = lim 4 = lim s, = lim ntan| —
e i T ST N e

n
=l a=l K

Note that this 1limit has the indeterminate form e * 0.

Thus, in order to compute this limit, you rewrite 1t as
tan{7/n) 0

¥9= (Un) .  This has the indeterminate form 0, hence
satisfies the hypotheses for 1’ Hospital’ s rule. You may now
compute the limit:

an(r/N) _ | sec’(WIN)-7 N

im im = j'rsec:{{'}} =
N=beo {llnri"l.,'r] N —bee i ..:I

499. (A) Let 4=¢3" and consider the following limit:

¢ | (—5:},”'

M

dx+| fﬂ +1

i
"

= lim

H—kra

-3l

= lim
H—Fra

lim
H—soa

e {3

n

s
[

H

You are told that :EHJJQA_3J converges, hence, by the ratio
test



“nt+l

{

c

"

lim -3l =1

R—im

Rearranging the above inequality, you obtain

fim [ < L
{3 fu 3

i ]- e

since — < 1 _ . 2: 5
And, 3 , it follows by the ratio test that -
converges.

L . S
(B) Before considering the series Emf"}, we show that

im s>l

C

"

> Let »%=¢5", and consider the following limit:

&

"+l

Su—l

"
€3

c w1

£

n

- = lim -5

R

= limn

e

lim

R—Soa

"

You are told that :E»ﬂf;? diverges, hence, by the ratio test

£ﬁ+] .5 =1
c

”

lim

R—

Rearranging the above inequality, you obtain

1

P
lim 2 = —
g 5

N—roa

Now, let #=¢06" and consider the following limit:



at+]

nt1 “rit] “rk]

= lim -6

RS

= lim

o

lim

R—%oa

m .
c,6 &

Note that by Eq. (1)

-GEE::-I
3

.|f'”+ 1

c,

lim

R—im=

By the ratio test, you conclude that zn—ll 5 diverges.

© © 2,

Let &=a(2" and note that by Eq. (1):

. _2 "l
T LY PO O A 01 (P
Hi—ian ‘-‘_’H o fﬂl:_zjﬂ Hi—paa f'” 3‘
N -
since —<'1 ) ) Z e (-2)"
And, 3 , it follows by the ratio test that —
converges.

(D) Now, let /~=a7)" and consider the following limit:

o we ]
; - e (=F) . [
lim h = lim |-2—— | = lim |-2]. 7
H=3aa H=hoo c (—?]"9 #H=poz f'"

Note that by Eq. (2)

C
lim |-L
T—oen

-?21}]
5

1'.#



o

By the ratio test, you conclude that Zn_n{_” =" diverges.

500. (A) You use the Maclaurin series of sin x:

2atl o Qs

siny 1% " E;
=" _]. 2 = _1 B
x xZ‘{ :I (Zn+ 1) Z‘( ) (2n+1)

(B) You integrate term—by—term in Eq. (6):

sin x c & o - 2n
J‘ slzﬁ- P8 e J[g}{—l} (2:+ ”!} dx = ;( [En:— ™ J-x afx.]
= ()
=[Z{2H‘+U;‘2H+”]+f

a=i)

(C) Observe that by part (B):

sinx e - [—l}mxlm I_ = (-1)"
.[[ ¥ ]ﬂ_lzizwntf;zmlJ _Z(2n+l}!{2n+1]

0 a={l w=I}

This is an alternating series, hence the difference |s - SN\
between the infinite series above and its Nth partial sum is at

most the absolute value of the W+ 1)th term of the series. That
is,

.'\"'u'

(-}

§. Er a5 1
2n+1)2n+1) 2a+ D)2+ 2N +3)02N +3)

m=f =1l

Note that when N = 2,



1
(2N + 32N +3)

= 0.0000283447

And, since
5, = 0.9461

a difference of 0.0000283447 will not affect the third place
after the decimal. Therefore,

J sinx v = 5, = 0.946 1

X

1



	Introduction
	Chapter 1 Limits and Continuity
	Questions 1–50
	Chapter 2 Differentiation
	Questions 51–100
	Chapter 3 Graphs of Functions and Derivatives
	Questions 101–150
	Chapter 4 Applications of Derivatives
	Questions 151–200
	Chapter 5 More Applications of Derivatives
	Questions 201–250
	Chapter 6 Integration
	Questions 251–300
	Chapter 7 Definite Integrals
	Questions 301–350
	Chapter 8 Areas and Volumes
	Questions 351–400
	Chapter 9 More Applications of Definite Integrals
	Questions 401–450
	Chapter 10 Series �⠀昀漀爀 䌀愀氀挀甀氀甀猀 䈀䌀 匀琀甀搀攀渀琀猀 漀渀氀礀)
	Questions 451–500
	Answers



